Rheological investigation of a stabilised suspension of calcium carbonate by Akram B.C. Ayub (7127660)
LOUGHBOROUGH 
UNIVERSITY OF TECHNOLOGY 
LIBRARY 
I 
AUTHOR 
n\~ U.B .r ~ r-I ~),1 ~, ..L..... "--' 
~ •••• u ___ ... u .............. , •••••••••••••••• ••• .. ••••••••• •••••••••••••••••• _ ............................................................................... .
, 
COPY NO. 0::).. \ '-j i 9- 10 \ 
VOL NO. CLASS MARK 
002[712 '01" .. : 
. ~!ttlttt"ltltlmlltltlltt!ttllmt~ ; 
RHEOLOGICAL INVESTIGATION OF A STABILISED 
SUSPENSION OF CALCIUM CARBONATE 
by 
AKRAM BIN CHE AYUB 
Submitted for the Degree of Doctor of Philosophy 
of 
Loughborough univer~ity of Technology 
\ . 
Supervisor Director of Research 
Dr.R.J.Akers Prof.D.C.Freshwater 
October 1975 
@ Akram Bin ,Che Ayub 
\. 
.' ... 
'. 
,I 
i 
I 
,I 
1 
, , 
.' 
lOU9h~orotJ~!:1 f)niv,;rsity 
of Te-:hnaio.i'l U;';:HY 
~:-5Tl?-. ( 'r t5 
___ . l .. --
C!3:;"; 
\ ~~~. 1:> ').. " l ;).1 Cl I 
I 
to 
NIK FAUZIAH NIK HASSAN 
Acknowledgements 
Summary 
Chapter One 
a) Introduction 
Chapter Two 
CONTENTS 
a)' Literature Review of Rheology of Dispersed 
Systems 
b) Summary 
Chapter Three 
a) Theory of Linear Viscoelasticity 
b) Theory of Non-Linear Viscoelasticity 
Chapter Four 
a) Experimental Section 
b) Equipment and Modification 
c) Materials 
d) Rheological Measurements 
Chapter Five 
Page 
1 
, 2 
6 
21 
28 
43 
58 
60 
70 
72 
a) Particle Size Analysis 74 
b) Surface Area Determination 76 
c) The Adsorption of Dispex N40 on Calcium Carbonate 78 
d) Sediment Volume 82 
e) Particle Interaction 84 
Chapter Six 
a.l) The Rheological Results 
a.2) The Effects of Aggregation on Viscosity 
a.3) Flow. Behaviour of Dilute Suspensions 
a.4) Flow Behaviour of Concentrated Suspensions 
a.5) Yield Stress 
(i) Steady Shear Rate 
(ii) Oscillatory Shear 
(iii) Results 
(iv) Theoretical Prediction of Yield Stress 
a.6) Transition from Shear Thinning to Thickening 
b.l) The Stress Response Wave 
b.2) The Loss Modulus 
b.3) The Storage Modulus 
b.4) The Loss Tangen.t 
b.5) The Dynamic Viscosity 
b.6) Energy Dissipation 
b.7) Relaxation Spectra 
Chapter Seven 
a) Conclusions 
93 
97 
105 
115 
124 
125 
126 
128 
130 
143 
147 
150 
163 
174· 
, 174 
180 
182 
197 
.: .... ~ ..• 
........ _. 
Chapter Eight 
a) Suggestions for Further Work 
Chapter Nine 
a) References 
Appendix I 
. Derivation. of Equations for Non-Liner Visco-
'elasticity 
Appendix 2 
Theory of the Cone and Plate Viscometer 
ApI>endix 3 
Viscometer Calibration Table 
Appendix 4 
Electronic Circuit Diagram for Synchronising Pulse 
Generator 
200 
201 
. 207 
210 
214 
218 
....... 
'. 
Acknowledgements 
I would like to express my gratitude to my supervisor, 
Or R.J.Akers, for his patience and guidance; to Professor D.C.Freshwater 
for providing the research facilities. Also, I would like to express 
my thanks.to the following:-
The academic staff of the Department of Chemical Engineering, 
in par~icular the Particle Technology Group, for many valuable 
technical discussions and the ~and of friendship which has been 
extended to my family and me during our time at Loughborough University 
Mr Sinclair, Mr M. Elston and Mr L. Moore for their electronic 
and instrumentation expertise; 
My family and parents for their invaluable encouragement and 
tolerance; 
And, finally, the National University of Malaysia for financial 
assistance. 
1 
SUMMARY 
This thesis is a continuation of work started by Riley(61) 
who observed anomalies in the rheological behaviour of concentrated 
suspensions of calcium carbonate stabilised by polyacrylate (Dispex 
N4D) exposed to steady shear. The present work consists of a detailed 
investigation of the same system under condition of oscillatory shear 
from which non-linear behaviour was observed. Using the model of 
Green and Revlin and analysing the data by means of harmonic analysis 
the elastic and viscous moduli of the system were determined as the 
functions of strain, strain rate and concentration. 
Tho thesis reviews theories of linear and non-linear beheviour 
of dispersed systems and attempts to related the results obtained to 
this theory. In order to do this measurements and calculations were 
made of thedegree:1 of the colloidal stabilities of the dispersions 
used. 
• 
CHAPTER 1 
Introduction 
2 
. ~heology is the study of deformation and flow of matter. 
Despite the seeming importance of this science in almost all man's 
activities, relatively little theoretical or experimental work had 
been in this field until the early twentieth century. In fact, the 
science of rheology is still in its infancy in terms of its ability 
to provide engineers with accurate predictions of the behaviour of 
real systems. 
The rheological characteristics of materials form a continuous 
spectrum of behaviour, ranging from that of the perfectly elastic 
Hookean solid at one extreme, to that of the purely viscous newtonian 
fluid at the other. Between these idealized extremes lie the behaviour 
of real materials that include, amongst others, non-Hookean solids, 
non-newtonian fluids and viscoelastic substances. . 
The materials under consideration in this thesis do not 
exhibit newtonian properties, that is, strict. proportionality between 
stress and strain rate. The system investigated in the work reported 
here is a concentrated suspension of calcium carbonate. This system 
is one of a very large class of systems known as dispersed systems 
which exhibit a wide range of behaviour. 
In recent years, the viscoelastic properties of many k~nds 
of dispersed 9ystems, such as cosmetic creams, polymer solutions and 
. melts filled with solid particles, were measured and studied in great 
..... ~ .... 
.......... _ ..
3 
depth by means of torsionally oscillating rheometers. The resultant 
curve of strain versus stress for such a material on an X-V plotter 
or oscilloscope gives an elliptic Lissajous' figure for linear vis co-
elastic materials subjected to small strains. Skewed figures are 
commonly'obtained for dispersed systems which can be regarded as 
non-linear viscoelastic materials. See fig(1.1). When displayed as 
a linear function of time, as for example on a galvanometer recorder, 
the stress resulting from a sinusoidal strain appears as a sine wave 
with the ppsitive and negative maxima "cut-off." for linear viscoelastic 
materials, it is possible to determine such parameters as the dynamic 
viscosity, n , and the dynamic rigidity, G , from analysis of elliptic 
Lissajous' figures using the simple theory of viscoelastic behaviour 
proposed by Markovitz(1). However, using this technique, it is not 
possible to analyse the skewed Lissajous' figure or non-sinusoidal 
waves to determine the above viscoelastic parameters because, for such 
materials, they do not have unique values. Recent theories of non-
linear viscoelasticity have attempted to overcome this difficulty and 
will be discussed in detail in Chapter 3b. 
According to PhilippOff(2), polymer solutions show non-linear 
behaviour when they a~e subjected to large strains. Bulk polymers 
filled with _solid particles manifest remarkable non-linear behaviou'r 
even under small strains. Non-linear viscoelastic behaviour is very 
general and significant for most dispersed and polymeric systems. 
This thesis presents an analysis of non-linear behaviour 
based upon the model of Green and Rivlir(3,4;5)which makes use of 
harmonic analysis of non-sinusoidal stresses exhibited by materials 
", 
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5' 
subjected to sinusoidal strains. 
There are, at present, no satisfactory constitutive 
relatio~ships available for concentrated suspensions, and this is, 
perhaps, the greatest hindrance to obtaining realistic theoretical 
solutions to problems involving these materials. With the invention 
-' 
of high speed computers and the development of more sophisticated 
methods of numerical analysis, the situation is such that our ability 
to handle problems involving suspensions exceeds our knowledge of the 
suspended particle constitutive properties to be included in the 
analysis; however, in view of the complex physico-chemical nature 
of suspensions, this state of affairs is not surprising. There are 
. limitless number of perameters(suchas volume fraction, degree of ' 
colloidal stability, degree of particle agregration which in itself 
is a complicated function of many parameters, absorbed ions, etc) 
which effect the constitutive behaviour of suspensions, and it is 
doubtful that a completely general quantitative constitutive 
relation for these system will ever be developed to account for the 
influence of all these variables. Nevertheless, it is possible to 
develop models which are qualitatively compat~ble with as much 
experimental data as it is practical to obtain; in particular, any 
constitutive relation should at a minimum describe the significant 
qualitative aspects of laboratory and field test results, and should 
if possible quantify these same features. With this thought in 
mind, it is intended herein to discuss the general behaviour of 
, 
dispersed systems and to evaluate the mathematical techniques employed 
to analyse their responses to stimuli. 'v . 
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CHAPTER 2 
(a). Literature Review of Rheology of Dispersed SYstems 
Whereas ordinary liquids and solutions exhibit simple newton-
ian flo~ behaviour, colloidal dispersions and macromolecular solutions 
frequently exhibit such rheological phenomena as non-newtonian viscosity 
" 
and time dependent thixotropy. The common 'structural feature unifying 
this rheologically interesting class of fluids is the presence of flow 
units, either colloidal particles or macromolecules, whose dimensions 
are large compared with molecules of the suspending medium; while 
still small enough to exhibit significant rotatory and translatory 
Brownian movement. In the case of macromolecules, internal Brownian 
movement may also play a significant role. The structure of the fluid 
thus resembles a gas of large molecules with the void space replaced 
by a newtonian continuum. The proper framework for theoretical treat-
ment of equilibrium and transport properties in such a system would be 
statistical hydrodynamics, an as yet undeveloped field. 
'In the statistical-mechanical treatment of gases, a useful 
abstraction is the hard sphere model. Treated both with and without 
an added attractive potential, this model has yielded much valuable 
insight into equilibrium and transport properties of real gases. The 
hard sphere has also found an important placa in the theory of colloids, 
having been adopted by Einstein(6) 'in his study of viscosity of dilute 
suspensions, by Verwey and Overbeek(7) in their classical investiga-
tion of colloidal stability, and by Kirkwood and Mazur(8) to represent 
~lustering in globular proteins. The usefulness of this approach 
was particularly enhanced by recent developments in the production 
7 
and. characterization of mono dispersed latices, which permit the experi-
mentalist to approach the theoretician's ideal of a hard-sphere colloid 
with remarkable fidelity. 
Two main approaches have been used to study the flbw properties 
of dispersed systems. One of these is a phenomenological approach 
which only considers the stress-strain relationship without regard for 
the structure or composition of the system, whilst the other approach 
attempts to explain behaviour primarily in terms of particle-particle 
interactions. The emphasis in this section is placed on dispersed 
particles or latices as model systems in illustrating the structure, 
rheology and stress-strain relationships. The review cites papers . 
which contribute to these view points, but is not intended as a compre-
hensive survey of the literature. 
We have a basic equation and this was derived, in the most 
brilliant year of his career (1905 - 1906), by Albert Einstein. This 
was within a year of the time at which, at the age of 27, he p~blished 
the special theory of relativity. His theor~ of viscosity of dilute 
suspensions o~ rigid spheres, with n the viscosity of the suspension,no 
that of the medium, and ~ the volume fraction of spheres in the suspen-
sion where the relative viscosity (nr) = n/no can be written. 
... ' ••• (2.1) 
. where a means "terms of the order". Thus the intrinsic viscosity (n ), 
defined as 
8 
••• ••• (2.2) 
is precisely 2.5, regardless of the size or size distribution of the 
spheres. :' 
Experiments on systems ranging from neutrally buoyan~ glass 
sphere dispersions to polymer latices have generally confirmed Einstein's 
prediction, with measured intrinsic vis co si ties usually ranging from 
2.5 to 3.0. This basic'equation has been modified to allow for higher 
concentrations, non-spherical and electrically charged particles and 
many other variables. There are over one hundred proposed modifications 
and we shall not deal with all of them. An excellent general summary 
is given by Rutgers(9). 
The effect of electric charges which are generally present on ' 
the dispersed particles is discussed by Conway and 00bry-ouclaux(10). 
According to the classification scheme of Conway andJOobry-ouclaux, 
there exist three distinguishable electro-viscous effects:-
1) An increment to the intrinsic viscosity due to distortion 
under shear of the elctrical double layer; 
2) An increase in the viscosity at finite concentrations due 
to Coulombic interactions between the double layers of 
different particles; and 
3) Effects due to the distortion of the particle itself as a 
result of electrostatic forces arising from the presence 
'7 of charges on the particles. 
............ : 
' .. 
9 
The total absence of the third electro-viscous effect in rigid 
particle systems makes them ideally suitable for study of the first two 
effects. However, it is difficult to distinguish between the secondary' 
and tertiary electro-viscous effects. 
The presence of electrical charges on the sphere causes an 
increase of the intrinsic viscosity, becaus'e of increased energy dissi-
pation in the electrical double layer surrounding the particle. In 
1916, M von Smoluchowski(11) proposed without proof a complicated 
modification of the Einstein equation to allow for charges on the 
particle. The increase in ( n) due to electrical' charge is 
••• • •• 
where E is the dielectric con~tant of the solvent, A its specific 
conductivity of the suspension, a the radius of the particles assumed 
spherical, ~ the electrokinetic potential. The effect considered by 
von Smoluchowski is known as first electroviscous effect and does not 
generally play any large part in increasing viscosity. Other effects, 
such as those due to non-sphericity or to ab~orption of surface active 
molecules, can mask the primaryelectro-viscous effect. The magnitude 
of this electro-viscous effect was re-calculated by KrasnY_Ergen(12) 
with a result identical except for a numerical factor. Subsequent 
analyses by Henry(13) and by Booth(14) indicated that the earlier 
estimates of the effect were too high. Booth's result is currently 
accepted as theoretically correct, although the recent experimental 
.data of Chan and Goring(1S) on sulfonated latex spheres fall between 
Booth's pr~diction and those of von Smoluchowski. They showed that 
10 
the measured intrinsic viscosity is strongly dependent on the electro-
lyte concentration of the diluent, as is the case with polyel~ctrolytes, 
although in the latter case structural changes explain the phenomenon. 
For the case of electrically charged particles, a second electro-
viscous effect increases the relative viscosity of concentrated suspensions. 
. (16) . (17) Fryl~ng and subsequently Brodnyan and Kelley removed all free 
electrolyte from suspensions by dialysis and thereby raised the visco-
sities by orders of magnitude. Brodnyan and Kelley attributed the 
effect to an increase in the effective hydrodynamic radius of the particles 
by an increase in the thickness of the electrical double layer, an 
explanation employed also by Wang(18) to explain his observations on the 
effect of surface charge and electrolyte content on the viscos!ties of 
monodispersed systems. Although this explanation agrees qualitatively 
with the data of Brodnyan and Kelley, it cannot be rigorously valid, _ 
since most of the double layer does not rotate with the particle. The 
explanation of Ha~msen et al(1~), in terms of displacements of the paths 
of neighbouring particles due to electrostatic repulsions, is more 
reasonable, and likewise depends on double layer thickness. It also 
agrees with the vanishing of the second elect~o-viscous effect at high 
shear rates, which is discussed fully by Conway and Dobry-Duclaux. The 
calculation of Chan et al(20), based on a collision doublet model, over-
estimates the second electro-viscous effect, according to the measurements 
of Stone-Masui and Watillon(21). 
At finite concentrations, the relative viscosity function 
••• ••• (2.4) 
11 
behaves in accordance with Fig (2.1). The dilute region is determined 
by the requirement that the slope at the origin equals the intrinsic 
viscosity, while the behaviour at high concentrations is governed by 
the fact that beyond a volume fraction, p, called the packing fraction, 
the dispersed particles lock into a rigid structure, and flow ceases. 
In the case of non-newtonian flow occurring at high concentrations, 
the curve of Fig (2.1) can be considered t~ represent a fixed value 
of either shear stress or shear rate. The nature of the function h(~) 
has been the subject of many studies, both experimental and theoretical. 
Eilers(22~ in his study of suspensions of bitumen spheres, ~ound that 
his data could be represented by the function 
1.0 
o 
\ -;- [1) @ 
2( 1- ~/p) r 
. ."", 
J.....-' 
~I 
~."", I 
~ 
~~Slope 1:1 (n) 
p 
.... 
1.0 
Fig (2.1) Schematic graph showing the concentration 
dependence of the relative viscosity of a typical 
colloidal dispersion. 
••• ' (2.5) 
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Maron et a1(23), who studied polydispersed synthetic latices, 
correlated their results by means of the relation 
••• ••• (2.6) 
This expression was given theoretical derivation by Mooney (24) . 
,. 
using functional analysis. Considering the' volume fraction of a 
suspension to be divided into two portions, he visualised the solution 
as being constituted by adding to a suspension of volume fraction, ~l' 
sufficient particles to raise the volume fraction to ~,or'alternatively, 
one could have started with a volume fraction of ~2 = ~ - ~l • On 
the assumption that the initial suspension behaves in this process 
like a continuous medium of the same viscosity, the final Buspension 
will have a relative viscosity given by 
••• (2.7) 
The solution of this functional equation is ___ 
" 
••• ••• (2.8) 
Although this solution behaves properly at low solid volume 
fractions, it does not increase sufficiently rapidly to represent real 
systems at high concentrations. Mooney modified this functional 
analysis by assuming that the volume available to disperse the second 
portion was diminished by a factor (1 - k~ ), due to the volume-plus-
co volume occupied by the particles already present. Thus the effective 
\ 
volume fraction ~12 of the added particles in the presence of the first 
13 
portion is 
~,7. - c/>', / t \ - K ~2 ) ••• ••• (2.9) .. 
An effective volume for the second fraction is defined as 
~ 
~2' - rp2 / (I - kCP,) ••• ••• (2.10) .. 
The functional equation of Mooney is thus 
••• ••• (2.11) 
whose solution is equation (2.6), with p = ~. Krieger(25) contended 
that the crowding effect applies only to the second portion, although 
the relative viscosity must bs independent of the order of addition; 
their functional equation is 
whose solution is 
- [~]p ['1,.1: [, - l CP/p)] 
••• ••• (2.12) 
••• ••• (2.13) 
It can be shown that equation (2.13) becomes identical with 
5 
equation (2.5) when p(n) = 2 , Taking (n) = 2' and p = 0.74 (close-
packed uniform spheres), the value of the product is 1.85; hence the 
14 
equation of Krieger and that of Eilers predicts very eimilar behaviour 
for. rigid-sphere dispersions • 
. Maron and Madow(26) investigated the effect of polydispersity. 
Mixing t~o latices of equal volume fractions and different average 
particle diameters, they found that the mixture was more fluid than 
either of the parent latices. However, this phenomenon is not found 
in non-polymeric dispersions such as mineral particle systems. 
. (27) Another way of interpreting fig (2.1) is that of Goodeve 
and Gillespie. To explain the non-newtonian behaviour in fig (2.1), 
Goodeve supposes that there is a simple additive between purely hydro-
dynamic effectSof newtonian type and effect due to particle interaction. 
The latter part can be clearly seen from fig (2.1), the difference 
between the en) line and the enr ) curve, being the particle intaraction 
contribution. 
The shear stress can then be written 
••• • •• (2.14) 
where en') is a parameter which is descriptive of the newtonian behaviour 
predicted by the Einstein equation, and e is the additional effect 
due to particle interaction. 
To calculate e, Goodeve proposed that,when shearing occurs, 
link~ between particles are stretched, broken, and reformed, and during 
this process an impulse or increment of momentum would be transmitted 
., 
..... 
15 
from a fast-moving layer to a slower moving adjacent layer in the fluid. 
Non-newtonian behaviour would be due to the effect of shear on the 
number of links, the average life of a link, and any change in the 
size of the interacting particles. The momentum transferred per unit 
area from one layer to the next per second,by the interaction of parti-
cles,is represented bye. Goodeve assumed, in determining e, that the 
force characteristic of a link obeyed Hooke's law and the link was 
broken when the link extension exceeded the critical value, xc. 
Gillespie derived an expression for s\;shesr thinning or "pseudo-
plastic" system(28) as 
9= 
in which, 
aeff 
••• (2.15) 
E = modulus of elasticity of the bond; 
N = number of particles/cm3; 
Xc = critical separation for rupture if there were no 
thermal effects on rupture; 
n1 = number of links or bonds formed when two particles 
come in contact with each ~ther; . 
0 = relative diffusion coefficient for two particles; 
= . effective radius for contact; 
1&1 = factor· determined by the forces of interaction; 
So = constant of speed of thermal rupture; and 
. Xl = mean value of distance between two neighbouring 
rows of particles pa'rallel to the direction of flol&l. 
16 
For high shear rates, the apparent viscosity is given by 
~ : [Y(1 ;- To (2.16) 
- I • ••• • •• 
2 ~o Xc. X; + ~ 
in which 'TO is the dynamic yield atress, expressed as 
••• • •• (2.17) 
The flow of concentrated 'aqueous polymer solutions(29,30) may 
be considered as that of a system of flexible springs which' are 
entangling and disentangling. This leads to an expression for viscosity 
'1. - [~/] ••• . .. (2.18) 
where g = number of extensible elements/cm3; 
E = the modulus of elasticity; 
Al = the distance between the cencrErs of extensible elements 
measured perpendicular to the shear plane; and 
t = the relaxation time such that t is the probability of 
any given extensible element rupturing in unit time. . 
If to is the relaxation time characteristic of thermal rupture, 
-.... ••• (2.19) 
Here, Xc is the critical extension at which an extensible element will 
rupture due to shear alone. The energy of activation for flow of such 
a system is equal to EX~/2. If 10 is the average distance between the 
.. .. ~"-" 
. ", 
17 
end points of an extensible chain in the absence of appliad stress, 
Hermans(31) obtained that 
'}\ ':: 4l /1\2-I .0 ••• ••• (2.20) 
and 
••• ••• (2.21) 
This theory was developed to account for shear thic'kening(32) 
and shear thinning(33) of colloidal or macromolecular systems. In 
writing the viscosity in the form 
••• (2.22) 
where no = the viscosity at zero shear rate; 
noo = the viscosity at infinite shear rate; 
f31 = the rate constant· for shear induced link rupture at 
unit shear rate; . 
Yo = the number of bonds/cm3 at zero shear rate; 
Yoo = the number of bonds/cm3 at infinite shear rate; and 
t = the average relaxation time, 
one states that the rheological behaviour as a function of y depends 
.essentially on the value of Yoo/Yo. The variation of the number of 
bonds/cm3 as a function of shear rate is given by 
-
-
\ + "'10 (I<.TY'~( Q) \ ~\ 
( ,+ ~I 1: \ ¥ 1 ) 
••• ••• (2.23) 
......... _,. 
in which 
.', 
18 
no = the viscosity which controls the speed of 
diffusion of' particles (i.e. the viscosity of 
solvent or dispersing liquid); 
a = the mean particle radius; and 
~(a) = a function which reduces to 4a3 for monosize 
particles of radius a. This gives 
~ •• (2.24) 
Attempts to derive viscosity versus concentration relationships 
on a more rigorous basis involve difficult hydrodynamic problems, and 
have not as yet given results which give better agreement with experi-
ments than those of the semi-continuum approach outlined above. 
Early studies of non-newtonian behaviour in dispersed systems 
postulated Bingham body behaviour, with no flow at shear stresses 
below a critical "yield stress". However, Maron et al(34,35) disproved 
the existence of a yield point in low concentration mono disperse 
systems and showed that non-newtonian flow in commercial latices 
occurred only at volume fractions above 0.25. Schaller and Humphrey(36) 
studied mono disperse latices of 0.88, 0.557 and 1.305 ~m in diameter 
at volume fractions up to 25%. They found newtonian behaviour in all 
cases except for the smallest particles at low electrolyte levels, and 
using Mooney's equation, Woods and Krieger(37) showed that a concentrated 
mono disperse system behaves like a hard-sphere model suspension under 
the following conditions:-
a) particle diameter under 0.5 ~m; 
b) presence of sufficient neutral electrolyte to provide 
19 
a compact double layer which screens interparticle 
Coulombic forces; and 
c) inclusion of the surfactant monolayer thickness as 
part of the particle radius. 
The power law and the Ree_Eyring(38) equation with two or three 
" 
flow units to express the dependence of viscosity on the shear rate,. Y, 
have been used. The powercolaw can be written in terms of the viscosity, 
nI' at unit shear rate, YI, as 
••• • •• (2.25) 
where m is an index of non-newtonian behaviour, m < 0 indicating shear-
thinning, and m > 0 shear-thickening, whilst for newtonian behaviour, 
m = D. The Ree-Eyr~ng equation involves a viscosity parameter, aj' and 
a relaxation time, Aj' for each of (n "+ 1) flow units, withAo= 0, i.e. 
n 
~ = 0.0 + I a~{~j'{)JS'nh-'{Aj'6) ••• (2.26) 
j'=' 
Dougherty(39) derived an equation for non-newtonian viscosity 
of rigid sphere dispersions in which nearby particle pairs rotate as 
doublets in a shear field. These proximity doublets are formed by 
Brownian movement and destroyed by shear. He was able to express his 
result in the form of the Williamson(40) equation -
... ' ••• (2.27) 
in which the viscosity decreases with'increasing shear rate from a 
....... 
" ", 
........ 
20 
, 
zero-shear limit, n2, to a high-shear limit, n1• The parameter, Tro, 
which is physically the shear stress at which the viscosity lies mid-
I 
way between n1 and n2, is independent of concentration. That is, 
••• ••• (2.28) 
where a is the particle radius, k the Bo1tzmann's constant, T the 
temperature and aan incompletely determined number of order 1. The 
equation was found to fit the data of Maron and fok(41) and Maron and 
Levy-Pascal(42) at all concentrations below 55% by volume; above 
this concentration, it became necessary to vary Trowith concentration 
to obtain a good fit. 
Little work has been published on time-dependent thixotropic 
... .. ~ ........ 
effects in disperse systems. A dimensional analysis.of the rheological 
a 3 behaviour of rigid sphere dispersions yields a·ti~e constant t* = nOkT • 
If t* is small, it indicates that time dependent effects are of short 
duration compared with the response time of most rheological instruments. 
A possible releva~t observation is that of Mooney's(43) who studied a 
thickened suspension and found that, when th~ shear rate was suddenly 
reduced to a new steady value, the viscosity increased with time, 
approaching asymptotically the steady-state viscosity at the new shear 
rate. 
Saunders(44) studied the viscosities of monodisperse polystyrene 
latices with diameter ranging from 0.1 to O.g urn. In order'to control 
the surfactant level, he added surfactant until the surface tension 
dropped to the level characteristic of surface saturation, and performed 
'\ 
' .. 
21 
all dilutions with a surfactant solution which also represented the 
surface tension minimum. By including in the diameter of the particle. 
an increment for the surfactant monolayer, Saunders found an intrinsic 
viscosity of 2.50 ± 0.046. At high concentrations, Moonay's equation 
fitted the data well, but the value of p varied with particle diameter. 
~. 
(b) Summary of the Review 
There is a large number of factors which affect the rheological 
. 
properties of any particular suspension. These include the type of 
suspension, specimen preparation and handling techniques, degree of 
saturation, history (stress path), continuous media chemi~try, tempera-
ture, etc. The effects of som~of these factors will be discussed, 
briefly in the following paragraphs. 
Suspe~sions are extremely complex multi-phase materials whose 
mechanical responses are influenced by a large variety of poorly under-
stood and often overlooked factors. For example, the structure of a 
clay soil suspsnsion may have a significant effect on its mechanical 
behaviour where structure is taken to includ~ particle fabric (geometric 
arrangement of soil particles) together with the associated interparti-
cle forces. The structure will, in turn, be governed by the environment 
in which the soil was formed, and undisturbed natural soils will generally 
behave quite differently from labqratory-prepared soils. EVen for 
laboratory-prepared soils, the manner of preparation may strongly 
influence their mechanical responses. Also, many suspensions exhibit 
thixotropic characteristics. 
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As a consequence of these many factors, misleading, apparently 
contradictory and overly generalized, conclusions have been reported 
in the literature, and an air· of caution must be exercised when 
consulting them. Another factor which exerts a significant inflUence 
on the flow behaviour of suspensions is the state of stress (including 
stress history) to which the suspensions had been subjected. 
The testing of suspensions poses an inherent problem which does 
not exist in the case of most other materials. Since many materials 
(such as polymers, rubbers, plastics, etc.) of current interest to 
rheologists are synthetically prepared, it is~~easonable to devise and 
conduct relatively elaborate tests to determine once and for all their 
behaviour, so that investigators who are subsequently concerned with 
the uses of these same materials can utilize the developed constitutive 
relations. However, since suspensions vary in character, it is usually 
not reasonable, except for research purposes, to conduct an elaborate 
study on one particular suspension to justify the development of an 
appropriate constitutive equation. for this reason, relatively simple 
I 
and inexpensive tests, which are usually inadequate from a rhe~logical 
point of view for obtaining the appropriate data to formulate a consti-
tutivs relationship, bave been developed and are employed to examine 
many suspensions. 
Table (2.1) summarises all these factors and lists all the 
influences they have on the disperse system •.. This method of presenta-
tion is very convenient but not very satisfactory because it only shows 
each factor acting independently of others. In real situations, more 
than one factor operates simultaneously and the net result usually 
factors Influencing Rheological 
Properties 
1. DISPERSED PHASE 
a. Volume concentration (~) 
b. Viscosity (n) 
c. Particle size, particle 
size distribution and 
particle shape 
d. Chemical constitution 
2. CONTINUOUS PHASE 
. I .. 
a. Viscosity (no) 
b. Chemical constitution, 
. .polarity, pH 
" 
TABLE (2.1) 
Dispersions of Solid/Polymer Particles in fluid Media 
, 
Influences hydrodynamic interactions between particles; 
flocculation leading to formation of aggregates. 
Solid~particles, i.e. of infinitely high viscosity, so they do 
-
not deform in shear or when closely packed in flocculated state~ 
Influence the viscosity over the whole range of shear rates, 
and also the viscoelastic properties of more concentrated 
suspensions; since particle size, particle size distribution 
and particle shape influence the number of particles per unit 
volume, they also influence the rate of flocculation. 
Influences interacting forces between particles. 
Direct proportionality with dispersion viscosity. The as sump-
_tion of a newtonian continuous p~ase has been almost universally 
assumed; this, however, may not be so. 
I 
Influence viscosity through the effect on potential energy of 
interaction between particles, and also electro-viscous effects 
c. Electrolyte contration 
if polar medium 
3. SURFACE ACTIVE AGENT 
a. Chemical constitution 
b. Concentration 
c.Adsorbed film at interface 
_ d. Electro-viscous effects 
. . 
4. ADDITIONAL STABILISING AGENTS 
a. Pigments, hydrocolloid, 
hydrous oxide, etc. 
'of continuous phase should these exist. 
-. 
Influences surface charge on particles, and hence influences 
viscosity;' may also affect solubility of surface active agents. 
in continuous phase. 
Influences solubility in continuous phase; also influences 
adsorption at solid-liquid interfaces, and interparticle forces 
if adsorbed at solid-liquid interfaces. 
Influences viscosity through its effect on no. 
Thickness influences particle dimensio~s, and hence, viscosity; 
it also influences interactions between particles. 
When particles are very small, the viscosity may ,be increased 
by the primary and secondary effects and to a lesser extent by 
the tertiary electro-viscous effect • 
Modify the potential energy of interaction between particles 
through their effect on surfaces.of particles, gelation, etc.I 
also mod~fy hydrodynamic interactions. 
--.. ------, ~- ... ---------- .. =-.-.. = ... --= .. - ===-0 ........................... _-_-:....._------------------------
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does not obey the law of cumulation, that is, the net effect differs 
in magnitude from the sum of the individual contributions. 
To avoid complications in the analysis, the possibility of two 
or more factors exerting an effect simultaneously has often been ignored 
in the past when analysing experimental data. 
With the parameters mentioned in Table (2.1), we can summarise 
the net effect into a real rheological equation of state, and this 
. . 
equation will tell us how the rheological properties of a dispersed 
system behaves in terms of shear and of those structural parameters 
which determine its mechanical response. for a dispersion of hard-
spheres, the rheological property of interest is the viscosity," ,. of 
the suspension, and the shear variables. are the shear rate, y , or, 
alternatively, the shear stress, T, and the time, t. Since the spheres 
are much larger than the molecules of the medium, only continuum 
properties of the medium ere of interest - its viscosity, "0' and its 
density, Po. The radius, a, of the particles, their concentration, N, 
and their density, Pp' are relevant, and whenever Brownia'n movement is 
significant, a thermal energy variable kT, wh.ere k is Boltzmann'~s . 
constant and T the temperature, is also relevant. The equation of 
state can be written as(45) 
••• ••• (2.29) 
In this nine-variable equation, ~ll of the variables'are expressi-
ble in terms of the three basic units of mass, length and time; hence, 
according to the principles of dimensional analysis, the equation can 
26 
be formulated in terms of 9 - 3 = 6 dimensionless groups. A convenient 
set.of 6 independent groups consists of relative viscosity, (n
r
> = n/no ' 
3 3 the volume fraction, ~ = 4nNa /3 , a reduced shear stress, Tr = Ta /kT , 
a reduc~d time, tr = t/t*, where t* = noa3/kT, a relative density, 
2. 
Pr = pp/po , and an internal Reynolds number, Re = a YPo • The equation 
of state in reduced form is then 
••• ••• (2.30) 
The form of the function 1 must be found either empirically or 
through theoretical analysis of the flow process. The task is simplified 
by initially restricting consideration to steady shear (tr ~« ) of a 
neutrally buoyant ( Pr ~ 1) suspension under laminar flow conditio~ 
. 
(Re ~ 0); within these limits, equation (2.30) is reduced to 
••• ••• (2.31) 
and ••• • •• 
Lifting the restriction of steady shea!, the reduced time variable . 
is re-introduced. Thus, 
••• • •• 
The restriction imposed by the hard-sphere model must be borne 
in mind in applying'the principles developed above to non-hard spheres, 
such as polymer latices or emulsions. Not only must the particles be 
uniform, spherical and rigid, but their interactions must also be limited 
27 
to hard-sphere repulsions and mechanical stress propagating through 
the· medium. Thus, any Coulombic or van der Waals forces must be negli-
gible in comparison to shearing and Brownian forces. If these constrains 
are true, we then have the hard-sphere dispersion of Einstein, Simha(46) 
and Mooney, with the inclusion of interparticle forces; the basic 
equation of state has to be modified bedoming a 'semi-empirical curve-
fitting equation with no physical significance attached to the new 
constants that have to be introduced to fit the data. A complete review 
of these types of equations and their applications are found in great 
detail in the "Industrial Rheology"(47) in chapter thre~. 
I 
.~ 
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CHAPTER 3 
(a)· Theory of Linear Viscoelasticity 
A viscoelastic material ~s one that simultaneously shows 
elastic ~nd viscous responses to applied stress. This complex rheolo-
gical behaviour is displayed by polymeric materials and some suspensions' 
and emulsions. Some rheologists(48) argue that all materials, even 
gases are viscoelastic under some experimental conditions. In discuss-
ing categories of response, it is important to note that, in a given 
experiment, response may depend not only on the material, but also on 
the time scale of the experiment. Thus, water behaves like a newtonian 
fluid in ordinary experiments, but, if it is subjected to ultra-high 
frequency vibrations, it will. propagate waves as if it were a solid. 
Theoretical estimates for water, based on Maxwell's idea of regarding 
a liquid as a relaxing elastic solid, give a relaxation period of the 
order of 10-13 second(49). The reason for this apparent change in the 
type of behaviour lies in the fact that response is ultimatel~ molecu-
lar in nature, and involves the stretching of intermolecular bonds and 
the motion of molecules about one another. In general, bonds can be 
stretched very quickly by an imposed stress, since little motion is 
involved. On the ~ther hand, considerably more time is involved in 
causing molecules to "flow". I Thus, in a stress field with a very short 
time scale (high-frequency vibration is an example),the stress may 
\ 
reverse itself before molecules have time to move appreciably, only 
i 
mechanisms giving rise to elasticity have time to be excited. . Because 
behaviour can depend upon the type of stress field imposed~ it is 
important that when the rheologieal properties of a material are 
reported the range of conditions over which these properties were 
29 
measured are also reported. Metzner, White and Oean(50) claimed that, 
und.er certain simplified rheological conditions, the Reynolds, 
Weissenberg and Oeborah numbers become the sole dimensionless groups 
which must be considered. The Reynolds number defines the relative 
importance of viscous and inertia forces, the Weissenberg number, 
the ratio of elastic to viscous behaviour, and the Deborah number, the 
,ratio of relaxation time to experimental time. If the Deborah number 
is very small,that is, approaching zero, then the material is said 
to be liquid;on the other hand, if the Oeborah number is much greater 
than unity,the material may be considered as behaving like 'a solid. 
Under applied disturbance, a viscoelastic material undergoes, 
in genera.l, a change in both shape and volume. According to the 
classical theory of elasticity, which is mathematically exact only in 
the limit of zero strain, a measure of the resistance to a change in 
shape at constant volume, for a homogeneo~s isotropic material~ is the. 
shear modulus, G. Similarly, the measure of resistance to a volume 
change at constant shape is the bulk modulus, K. The resistance to 
a change in length effected by normal forces applied to opposite ends 
of a parallelepiped (sides being sustained) is the tensile (or Young's) 
modulus, E. Because such a deformation usually involves both shape 
, 
and volume changes, the tensile modulus is a function G and K, as shown 
in fig (3.1). 
The three moduli are defined in fig (3.1) although the sk~~ches 
_ ........... . 
for shear and tensile deformations are highly schematic in that the 
moduli are defined only for infinitesimally small strains and not for 
the finite strains indicated. The reciprocal of each modulus is a 
compliance. 
. " 
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a 
-
f' 
----
/ 
10 
V ~ b Tension 
Shear 
Shear Tension 
Stress T = f/A T. = f/A 
Strain -1 a E: = ill /1 Y = tan (b) 0 
Modulus G = T/Y E = T/E: 
Compliance J = l/G D = lIE 
fig (3.1) Elastic moduli and compliances for the 
isotropic elastic part of a viscoelastic 
material under amali deformation. 
61 
.... ., 
1._ • .r---
Bulk 
Pressure 
-6V/v 
K = p llV/V 
B = l/K; 
The viscoelastic nature o,f a fluid is also important i,n visco-
, metric fl~w, i.e. steady flow in ~hich ~ co-ordinate system may be 
chosen so .that there is only one :non-zeFo component of the velocity, .... 
such a flow is called a simple flow~ Examples of such a flow ,are 
laminar flow in a capillary or simple ·shear between a cone ,and plate. 
In these cases, viscoelasticity produces a "normal stress" effeet. 
This effect is commonly thought of as being characteristic of a viaco-
....... : .... 
.Y 
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elastic material. 
I 
It has long been recognized that interesting features of visco-
elastic materials can be revealed through a study of the response of 
such materials to unsteady stresses or strains. The dynamic response 
of viscoelastic materials to cyclic stress is important to the engineer 
~' 
for several reasons.Firstly', cyclic str4sses are to be found in many 
processing operations and end-use applications; secondly, this type 
of stressing is commonly used to determine significant rheological 
parameters; and, thirdly, there is a correlation b~tween the dynamic 
and steady flow properties of viscoelastic bodies. Most of the early 
works dealing with, measurement of viscoelastic properties consisted 
of a study of the response of specimens to imposition of small-amplitude 
oscillatory stress or strain. Though much of the early works dealt~J 
wit~ viscoelastic polymeric solids, oscillatory testing has been 
extended to liquids, and there is now an extensive literature on the 
subject. However, by far the greatest interest to date has been in 
analyses and experiments which are restricted to a linear relation 
between input, for example, strain or strain rate,and output, for 
instance, stress. This is the province, of linear viscoelasticity, 
, -
the techniques of which have been successfully used ,for the study of 
many materials. The first half of this chapter will concentrate on _ 
the linear theory of viscoelasticity and it is hoped' that this will 
give a basic understanding of the nature of viscoelasticity; a~d the 
second part of the chapter will show how the concept of response to an 
unsteady stimulus may be used to characterize non-linear vi'scoelastic ' 
systems. 
-"---_. 
-" 
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Consider a system in which the shear strain varies sinusoidally 
with time, a • 
••• • •• (3.1a) 
'TT 
Here the strain rate is '2 or 900 out of phase with the strain 
,. 
••• ••• (3.2a) 
for a Hookean solid, the stress will be in phase with the strain 
••• ••• (3.3a) 
where G is the material constant, which is inversely related to com-
pliance. .. 
for a newtonian fluid, the stress will be in phase with the 
strain rate, or 900 out of phase with the strain 
••• ••• (3.4a) 
where n is a proportionality constant~ the coefficient of viscosity. 
for a viscoBlastic matBri~l, bo~h responses are displayed 
simultaneously. The resultant stress s~ows a phase lag, ~, of between 
00 and 900 with respect to the applied strain._ See rig (3.2). 
" 
" ", -------~-" , 
" 
.', " 
TIME ~ ....... _" 
" 
" 
IN PHASE 
-----,-----, " 
" 
, ' 
,"" ' 
, nME ~ . ' .... ___ ~' . 
90" OUT OF PHASE 
, 
" 
-----..."..---
" 
" 
" , 
TIME ~ , ... _." 
INTEltHEOIATE VISCOElASTlC 
rig (3.2) The phase differen'ce caused by variation 
of viscosity and elasticity. 
strain __ _ Torsional stress -------
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..... ~ .... 
This means that, in the course of ea~h cycle, a part at the 
energy is stored elastically and recovered after reversal of the 
'strain' and a part is lost as heat and not recovered. The "real" 
elastic modulus is a function of the former; and ~ne viscosity, of 
the latter. Consequently, it is necess~ry to define ~ total or 
.. •• <t.~ ... ~_ 
"complex m6dulus" as it is called, takirig account of these ,two proper-
, 
ties and allowing for the fact that vis~osity and elasticity have 
! 
different dimensions. The usual ~ay out of this complication is to 
" 
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use the complex plane, with the X-axis as the real part and represent-
ing. the strain,and the ordinate as the imaginary axis. The complex 
dynamic stress is represented by :a vector T*whose magnitude indicates 
the max~m~m stress, and whose an~le with respect to the strain axis 
is the phase shift. See fig (3.3) for the representation. 
Dynamic 
stress -
Imaginary 
11 
T* Complex dynamic' 
stress 
Dynamic stress - Real T 
fig (3.3) Dynamic stress in a 
. vector on a complex plane. 
, 
/ 
The complex dynamic stres~ may be resolved into a real stress, 
, 11 
T , and an imaginary stress T. from these quantities, we may ~~fine 
several us'eful rheological parameters. The complex shear modulus G* 
\ l 
is defined as 
••• ••• (3~5a) 
where G' arises from the real, o~ in-phase component of the stress; 
GII from the out-of-phase component; and, i represents.the operator 
35 
(-1 )"I. G' is associated with the energy stored in elastic deformatiori;"--
- -. 
i 
and it is called the storage modulus. G" is associated with dissipa-
tive effects, and is called the loss modulus. The ratio of these terms 
gives a measure of damping called the dissipative factor or loss 
tangent;whare t is the observed phase lag. 
••• • •• (3.6a)· 
In a similar fashion, it is possible to define the complex 
dynamic viscosity n*as 
••• ••• (3.7a) 
The real part of the complex dynamic viscosity is known simply 
I 
as the dynamic viscosity n • Since viscosity is a property associated 
with dissipative losses, it is not surprising that the dynamic viscosity 
is related to the imaginary or'loss modulus, thus 
., . 
••• • •• (3.8a) 
There are several equivalent mathematical ways to introduce 
linear viscoelasticity, one being in terms of mechanical models consist-
ing of linear springs and dashpots • 
• 
The model for a newtonian fluid is a dashpot, and that; for ·a. 
Hookean solid is a spring. For the dashpot, the rate of extension of 
the system is proportional to the applied force, i.e. the applied stress; 
whilst for the spring, the amount of extension, i.e. strain, is propor-
, 
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tional to the applied force. The spring responds instantaneously to 
any, change in stress or strain and the dashpot responds instantaneously 
to any change in stress or strain rate. See fig (3.4). The spring 
also simulates the Hookean solid in that the energy to deform is stored 
completely, without dissipation, whilst the dashpot simulates the 
newtonianfluid in that the energy to effect flow ie entirely dissipated. 
The Maxwell model of a viscoelastic fluid consists of a spring 
and dashpot in series. If a Maxwell model were subjected to a sudden 
extension and were then held fixed, the model would exhibi~ stress 
relaxation. Initially, the spring would extend to the required exten-
sion proportional to the applied strain that would subject the dashpot 
to a force. In time, the dashpot would extend, allowing the spring to 
contract or relax, and the stress required to maintain the initial 
extension of the spring would decay exponentially to zero. If the 
stress is removed before stress relaxation is complete, recoil of the 
system would occur because the'spring would contract to its original 
unstressed length. These phenomena of stress relaxation and recoil 
are typical of viscoelastic fluids. 
The Voigt model of a viscoelastic solid is a spring and dashpot 
in parallel. This model is a solid because a given applied stress will 
produce a given equilibrium deformation that is dependent only upon the 
spring. The Maxwell model represents a fluid because under applied 
:1 r 
load the dashpot causes the system to undergo continuous extension. The 
! 
Voigt model displays retarded elast1cit~, i.e. the elastic element can 
extend only as fas~ as the Viscou~ element. The rate of deformation 
is fastest at the start, but it decreases as the spring takes up the 
-..... ~ ..• 
. '. 
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load. When the stress is removed, the spring will return the system 
to its original un strained configuration as quickly as the dashpot 
will allow. 
A reasonably good model of a linear viscoelastic material is 
a Maxwelland Voigt body in series, as shown in fig (3.5) • 
. ' . 
Hookean Solid Newtonian Liquid 
Hookean Spring Nawtonian Oashpot 
Stress 
Strain 
Time 
. 
stress 
Strain 
Rate 
I , 
fig (3.4) Representation and Characterisation of a 
Hookean Solid and a Newtonian ~luid. 
Tima 
'G 
v 
1 
'. ; 
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Voigt 
Spring 
stress T 
Maxwell 
dash pot 
Tlv 
Stress T 
T -Initial Slope = -- + Tlv 
Stress 
T 
Voigt 
dashpot 
Strain 
y 
T/Gm 
y. 
Cl> 
T 
Tlm 
Slope approaches T at a long time 
--Tlm 
2 
1 
Time a 
rig (3.5) Response or a Viscoelastic Model to an Applied Stress 
lA) 
en 
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When this system is stressed, the Maxwell spring deforms 
instantaneously to its equilibrium length, the Maxwell dashpot begins 
to extend at a constant rate, whilst the Voigt element also begins 
to extend, starting at its fastest rate and slowing to zero when the 
spring is at equilibrium extension under the applied load. After the 
Voigt element has fully extended, the system continUiiSto show creep 
or flow because of the continued extension ·that occurs in the Maxbisl1" _."_ .. 
dashpot. 
When the stress is released, the Maxwell spring rec'oils 
instantaneously, the Maxwell dash pot ceases to extend, and the Voigt 
element contracts gradually to its original unstressed length. The 
total system will have a permanent elongation equal to the total 
deformation of the Maxwell dashpot. The equation for the extension 
of the overall model of the vis co elastic system under the applied 
stress is given by the following considerations. 
The overall response is the sum of the Maxwall response and 
the Voigt response. 
••• • •• (3.9a) 
where k1 is the spring constant, andk2 is the damping constant of the 
dashpot. 
", 
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If the force, F, is regarded as being analogous to stress, t , 
'and. the extension analogous to strain, y , it could be said that this 
body is a mechanical analog for a fluid whose behaviour in shear is 
described 'by the equation 
••• ••• (3.10a) 
where nvis viscosity, and Gv is rig~dity modulus. Rearrangement of 
equation (3.10a) gives 
The boundary conditions are 
~ = 0 LVhen e ': e,' 
6' :. ~ when e = e 
Therefore, if the stress is constant at t 
'6e~ (~e) '" &-i (e)(p(~ e)- eJ'.r( ~ e,)) 
)) = ~~( I - ~y.p (~~ (e- e,))) 
••• 
••• 
' ... 
••• 
••• 
• •• 
• •• 
• •• 
• •• 
........ 
(3.11a) 
(3.12a) 
(3.13a) 
(3.14a) 
••• (3.15a) 
••• (3.16aO, 
............... 
'. 
" 
:1 
il 
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Now consider the Maxwell body under a aimilar disturbance, i.e. 
a displacement of x, from its equilibrium state. The equation of 
motion in rheological terms is 
gives 
is 
••• ••• (3.17a) 
Integrating equation (3.17a) within the boundary conditions 
w-htl.n e ': 6. 
••• 
lJhen &= e ••• 
••• 
Combining equations (3.16a) and (3.20a) gives 
L· . ) 
+ ~fYl (8 - 6. 
••• 
••• 
•••• 
(3.18a) 
(3.19a) 
••• (3.20a) 
• •• (3.21a) 
Similarly, it can be proved that the equation for the recovery 
••• ••• (3.22a) 
'. 
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For high polymers, the instantaneous elastic deformation shown 
by ~his model may be thought of as being due to the unkinking of tha 
molecular coils by bending and stratching of the chemical bonds in 
the molecular backbones. In the case of concentrated suspensions, 
viscoelasticity may arise from the relative displacement of particles 
within the continuous medium when these particles may experience 
,. 
mutually attractive or repulsive forces. 
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(b) Theory of Non-Linear Viscoelasticity 
The equations used so far relating stress to strain and strain 
rate for Hookean solids and newtonian fluids respectively are linear, 
as are the equations for viscoelastic bodies represented by series or . 
parallel combinations of such linear elements. Many colloidal, poly-
meric a~d suspension systems, however, require non-linear relationships 
in order to express their mechanical behaviour over finite ranges of 
strain and strain rate. The non-newtonian liquid is an example of a 
non-linear body, commonly studied under conditions of steady shear. 
The system being considered in this thesis is believed to exhibit non-
linear viscoelastic properties. These became apparent when an applied 
sinusoidal strain gave rise to a markedly non-sinusoidal stress 
response. Non-linearity in dispersed systems is commonly attributed 
to internal rearrangements of the particles in the fluid, e.g. the 
formation and breakup of networks of aggregates, or the deformation 
or the re-orientation of individual part~cles. If.,;)the times~1required 
for such processes are sufficiently long, the fluid will exhibit a 
time-dependent viscosity when the strain rate is changed. The thixo-
tropic loop method of Green and Weltmann(51) and the step-jump method 
(52) . (53) 
of Mooney and D~ntenfass have been used to study time depend-
ence in certain systems. These methods ere difficult to apply to 
suspsnsions whose response times are short, however, since both the 
mechanical response time of the instrument and the time required to 
change the velocity profile of the fluid must be less than the response 
time of the fluid. In oscillatory shear studies, however, Inertia 
properties of the fluid and of the apparatus can be readily incorporated 
into the equations of motion of the experimental system. 
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A linear body, when subjected to a strain which varies 
sinusoidally with time, will exhibit a sinusoidal stress response, 
whose amplitude and phase depend upon the properties of the fluid, 
the strain amplitude and the mechanical reactance of the instrument. 
Markovitz(1), in his analysis of oscillatory shear of a newtonian 
liquid in a Couettes viscometer, derived such a relationship in detail. 
When a non-linear body is subjected to a sinusoidal strain of finite 
amplitude, the stress response will still be periodic, but no longer 
sinusoidal. In the absence of sub-harmonic terms such a general 
periodic function may be rspresented by the sum of component harmonics. 
Such a function may be represented in terms of its component harmonics 
by performing the rourier transform from time to frequency domain. 
The purpose of the present study is to investigate to what extent 
harmonic analysis of the stress can be utilized to obtain information 
about the rh eo logical properties of non-linear fluids. 
The presence of higher'harmonics from oscillatory testing of 
rheologically complex fluids has been demonstrated by Harris and 
80gie(54). 'MacDonald et al(55) have carried out finite-amplitude 
analysis experiments with a cone and plate g~ometry. Various constitu-
tive equations of integral type have been presented by several authors 
in recent years. These equations include those in which stress tensors 
are expressed by multi-integral polynomials of strain tensors. An 
example of this technique is the non-linear theory of Green and Rivlin. 
An alternative approach is exemplified by Lodge who expressed the stress 
tensor in terms of simple integrals containing memory functions which 
depend upon invariants of the strain tensor. 
....... 
" 
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fortunately, almost all theories of non-linear viscoelasticity 
give the same shear component of the stress tensor, T ,in sinusoidal 
12 
simple shear. The following is a derivation of a general equation for 
the response of a non-linear material to an oscillating stimulus in 
one dimension. It is a simplified version of that Qf.Green and Rivlin, 
and makes use of a paper by Nakada(56). 
The excitation is denoted by a (e), and the resulting response 
by € (e). ~n(e) (n=1,2 ••• ) expresses a series of complete normalised 
orthogonal functions defined in' {_m<e<m} ,and permits expansion of 
C1 (e)and € (e) in terms of ~n (e) • 
r-----' 
I I 
C1 (e) I Specimen I ____ €.... ( .... e) ..... _-.;...-=------II!~ I "
Physical variables related~1 I 
·to flow are kept constant L ______ J 
within this dashed box • 
..0 
0"'(9) ::. ~ Q.~ ~i. (e) 
",., I . 
••• {3.1b) 
• •• {3.2b) 
The expansion coefficients ai and bi are 'given, according to the 
definition of ~n (e) t by: 
a.~ -:: JrJJ (i{e) ~i. (9) riB 
-11/1 
••• (3.3b) 
••• (3.4b). 
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where ~i (9) means the complex conjugate of ~i(9) 
The following assumptions are made: 
Assumption 1 
The excitation is not preceded by the response. 
r' 
Assumption 2 
Each of the orthogonal expansion coefficients bi of the 
. 
response function &(9), defined by Equation (3.4b), can be expanded 
in a Taylor series of orthogonal expansion coefficients ai of the 
excitation function 0(9) defined by equation (3.3b). 
As the response &(9) is completely determined once given the 
excitation 0(9) in the range of -~<9<~ , each bi should be a unique 
, 
function of the set of ais. Recalling here Assumption 2, each bi 
, 
may be expanded in a Taylor seties of ais. 
00' 00' b~(Q'ta~ .... ) -= b~(O,O .... ) + ~ )j\.o'j +.?=- '6j~ko.jQ" 
J=' J,k-l 
where 
. 
l. t -= J 
. . . . . ••• (3.5b) 
............... 
", 
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.. 
, 
Substituting Equation (3.3b) into Equation (3.5b) gives 
,. 
• 
+ ~I ~~I< DT{f) iDJ d.9 {rr(9)fbk{B)d.9 
oD i. 100 OD 
+ ZZfiol ~k'l_!(e) ~d9 Lrr(B) ~I<{9Jd.9' 
0/) J er le) ?'). (e)c:Le + . - . • .. (3.6b) 
-cD 
from (3.2b) expanding gives 
••• (3.7b) 
. . 
Substitute (3.6b) into (3.7b) resulting 
. I 
Ele) ~ b, t 0,0,: .. ) cp, (B) + t. cp, (e) ~I C o-(e) 'PJ'( e) cia 
.j. & I cp, (e)~,d:rr(e) CA· (B)d..9 J:~(~)(A(e) d.e + ... 
DO ~ 
+ b,(o,o; .. ) ~2(e) + k. 4lel~2 ix(s) 95/9) ele 
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, 
Rearrange~ent of Equation (3.8b) gives 
Interchanging integral and summation operations 
6b . 00 o/j . l 
£(9) :: ~ bi. (0,0, ... ) )6~le) + J (1"'(9.).~ sDt(9)~. (e,)~J9, 
...... '. --6 . "J:'l J, 
. • ' J 
(j;) 00 ~ 
+ H <r(9,)(f(9;L).?' ~j,~(Ale)~J'(~)?4«g~)d9.d9:r 
~ob . ~jlklSl 
..f- •••• ••• (3.10b) 
or 
oD , 
de/del + S~\ o-(e,)crL9~) rr(()~) J3l9/e,,,G~1 e3)deld~df)3 -r ..... 
-~ . 
. (~.11b) 
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where 
DO 
Jo(9,60 ) ': I. bdo,o, .... ) cPi.(9) 
. ':=1 
,. 
I n ( e,e1,ei ••• en) are the weight factors or characteristic after-
effect functions for the simultaneous contributions from excitation 
at e1, e2, e3' •••• en to the response at e •• If equation (3.12b) 
was to obey Assumption 1, then 
••• (3.13b) 
, 
Hence all the e and envar~ab1e9 may be replaced by 
••• (3.14b) 
Substitute (3.14b) in (3.11b) gives 
00 . 
+ Sf (['(9- SI) cr(e- S~) J2 (9, 5.,S,) dos, dSl. 
-00 
'04 
+ f[f cr(9- S,)u(9- 5~)v(e,-53)J~(B, 51,~:a)5~)dS,45~d5) 
-#10 
-t- .•.••• ••• (3.15b) 
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Here only the stationary ~esponse system is considered, i.e. 
the 'respon;e e:(8) =e:l (8) occurs against the excitation 0(8)= 01 (8) 
and the response e:(8)=e: (8-s)should occur against the excitation 
1 
0(8)=01(~-s) for an arbitrary s. 
The response e:1 (8) to the excitation 01 (8) is given by 
Equation (3.15b) and can be written in the form 
00 
+ ~ If 0; (e- S,) u, (e - 52) er. (e- Sl) J3 (SJ ~. ,SZI S~) .. 
-~ . 
Similarly the r~sponse to the excitation 01 (8-8) is given by 
oI:J • 
+ JIa; (6-s - 5.) er. (e- 5- .s~) J2 (9, 5., 5~) cl~. d 5z. 
~ 
+ lUo-: (9-5-5.)0-; (8-5- ~l.) &; le~s- 53) J3 (e, 5 .. ~,5.3) • 
,/ 
••• (3.17b) 
According to the theory of stationary response (Stationariness Theory) 
the right hand side of Equation (3.17b) should be equal to the 
expression for &1(8-8), given by equation (3.10b) 
51 
" 
..0 
, +)1 v, (e-s- 5,) v. (S~s- 5,) J 2 (9-5, 51) 5;l)cls, dSl 
, 00 
tirrcr,(S-s-S,)a;(9-s-S2)u.(S-s-sa) · 
••• (3.18b) 
Comparing term by term the right hand sides of Equations (3.17b) and 
(3.18b) gives 
J, (6, SI) -= J, (9-$,5,) 
J2 {SJ5"Sl) = J2 (9-S, S"52) ,. 
••• (3.19b) 
for arbitarary value of s. This means that J 1, J 2, J3 •••••••••• Jn 
should not depend on e 
J. (S, 5,) = J. t SI) 
J1 (S, 5, ,52,) :: J2 C.S ,,5,2.) 
]3 (S .. Sa) 51. .. S~):: Jl(~" 52) S~) 
~quation (3.15b) may be rewritten' 
'52 
00 . 
~ -li er ( e - 5,) u ( e -S2}]2 ( S,) .5 ~) cl 5, d ~ 2. 
~ 
i" frf er (e - 5,) er (e - .52 ) er( G - 5.3) J 3 ( 5. ,5:t1 S3)· 
-~ . . 
where 
••• (3.22b) 
Equation (3.21b) gives a general relationship between the 
excitation and the response subjected to three constraints. These 
three constraints are:- . 
a) Excitation is not preceded by the response. 
b) Each bi's can be expressed in Taylor series of ai'a i.e. 
the series is convergent. 
c) The response is a stationary response. 
If all higher order are neglected in Equation (3.21b) it 
reduces to the well known Boltzmann equation for a linear visco-
elastic body. 
The higher order terms represent the multi-dimensional 
superposition of the simultaneous effects of excitation. Hence 
Equation (3.21b) can be regarded as a natural generalization of 
Boltzmann's superposition principle, and the functions J may be 
. ,i n 
called the nth order after effect functions or weighting functions. 
The limitetions of Equation (3.21b) are 
a) Convergence of the series (3.5b) is paramount in deriving 
the final form of Equation (3.21b). 
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b) The existence of subharmonic modes cannot be detected by 
this treatment. 
In a sinusoidal experiment the excitation is given by 
••• (3.23b) 
and usingrthe fourier transformation defined as 
.., 
J2 (W"LV,) =~) {f J7.(5.) S:l)e~p(-A.W,~,-i.W2S:l)d~,clS2. 
--
00 
j~( w'" w2,(3) 0& -:fit ! [f J3 ( 5" S.2" Ss) e."'P (-.lW'~I- ~w& S~-i..w3 5!) ~ 
-eX> 
/ 
••• (3.24b) 
The real and imaginary parts of I
n
(w1 , w2' • •• wn)may be separated 
and defined by Equation (3.24b) a~ foll~ws: 
On substituting Equations (3.2Sb) into (3.21b) resulting 
e(9) = a;, (A.I Co:;w9 -r Al-S;n we) 1" Cf'D1. (5 ,Co$20.)9 - BzS,n 2w9 
+" 53) -r ~ 3 (C I Cos 3wG -+ C;z.s't'l3w9 + C3 5,'('1 we 
+ C4 Cos we) + ... , ••• (3.26b) 
for full mathematical treatment of: the gerivation of the Equ"ation(3.26b) 
see Appendix 1. 
If it is assumed (57) that the response be odd with respect to 
....... ~ .... 
..... ' ....... 
->. 
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the excitation; i.e. if the response -e(O) is to occur against the 
excitation -a(O), the even order terms in equation (3.26b) vanish 
1 
leaving 
:. 
t:(e) -= u;, (A, Cosw9 -t- A'Z. S~nw~) ~ rfo3 (C,Cos 3w9 +C2.S~n3we 
;- t~ Cos we of- CL{ Siow9) + ..... ••• {3.27b) 
rearranging 
••• (3.28b) 
If the response is stress {~ and the excitation is strain (Yo) then 
/ 
• 3 
1: (9) -:. (~A, of- ((,3C)) Casws + (toAz. ;-'(o C.,,) 5;" we 
.••• {3.29b) 
\ . 
where 
-I A, :: J. tw) 
-q 
Al = J. (w) 
1 
-n .-1 . 
C J = 2: J~ ( w, w, w) 
3.1t - 1 
C3 = 2. 13 (wl (,J ,- w) 
j7\"" \ L4 ': ~ J3 lW, w, -~) 
., 
••• {3.30b) 
stress T (O~ is given by 
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" 3 ~13 )(0 Cos '3 we + .... • •• (3.31b) 
An equation similar to Equation (3.31b) can be obtained by 
expanding a stress wave as a fourier series 
00 
M(6) ': KT ~ (Sn S'n'~(we -to 'P) --tc.n C~ n (we .... ~) 
co 
': kT 2.. (0.", Sin nwS + b" C()S nw9) 
nl:o 
••• (3.32b) 
where ~ is the phase angle between the cone and plate, KT is the 
torsion wire constant, M (e) is the torque and a and b are the n n 
amplitudes of the component waves and are given by 
an -= S" COS n 'P' - e" Sin '(\ lP . ••• (3.33b) 
bn = S,., Siil n 4> + en Cosn l(> ••• (3.34b) 
, , 
from the an sand b
n 
s the above equations the non-linear 
viscoelastic parameters can be evaluated. The dynamic equation for 
the torsionally o~cillating cone and plate apparatus is given by.1 
••• (3.35b) 
where R is'the radius of the cone and plate provided the inertia term 
can be negiected. 
. 
See Appendix 2 for full derivation of Equation(3.35b). ' 
Combining this equation with Equation (3.32b) we obtain 
, 
••• (3 .• 36b) 
On the other hand Equation (3.31b) can be w~itten as 
••• (3.37b) 
) . 
" 
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and 
G * G' + iG" 
-n n n 
(n = 1, 2, ••••• ) ••• {3.38b) 
where G' 
, 
+ G' y2 
= G11 . 1 13 0 
G" 1 = G~1 + G" y2 13 0 
, , 
G3 .. : G33 
G; =: G;3 
Going ·back to Equation (3.31b) G~1' G~1 etc can be shown to 
be related to the after-effect funtion, which described the behaviour 
of the material with the application of stress. 
The non-linear viscoelastic parameter G' and G" are related 
rs rs 
by 
G* = G' + iG" 
rs rs rs 
(r,s = 1, 2, •••• ) ••• (3.39b) 
where G~1 is the complex rigidity and i = (_1)i / 
eo ' The strain amplitude, can be expressed as y = -- where e is o p 0 
the amplitude of the input sin~ wave and p is the cone angle. 
Combining this equation with the Equation (3.37b) we obtain 
•.•• (3.40b) 
By comparing Equation (3.40b) and (3.36b), the non-linear 
I 
G~ = 3KTb1 
. 2 R3 
G' ~ 3KTa3 3 
-2 R3 
(p/e
o
) 
(p/e
o
)3 
G' and so on are obtained 8S follows 3 
••• (3.41b) 
••• {3.42b) 
••• (3.43b) 
-""'_ .. 
. " 
.. 
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••• (3,.44b) 
In order that this analysis be applicable to experimental 
results;,the waves must be approximated by Fourier expansion without 
very high'harmonics and the amplitudes of the even hermonics must be 
negligibly' small as compared with those of the odd harmonics. 
/ 
i 
" . 
..•. , .... 
-'-' .. ' 
- " 
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CHAPTER 4 
(a) Experimental Section 
Chalk suspensions have many applications. frequently, these 
suspensions are stabilised or modified to produce the desired bulk 
properties, causing the suspensions to be complex eystems. As a 
r' 
consequence of this complexity, the study of such suspensions is very 
empirical and the interpretation of data tends to be somewhat by the 
rule of thumb. Since theoretical rule of thumb models are often 
limited in their ability to be extrapolated, continual efforts are 
being undertaken to relate these two extremes, the empirical e~peri-
ments and the theoretical models. 
Rheological studies of materials are motivated by a variety 
of needs and can be approached from many different viewpoints. Accord-
ing to Lazan(58), these approaches can usually be classified under 
I I 
the following three headings: '(1) solid-state or micromechanistic; 
, 
(2) phenomenological or macro-analytical; and (3) ad hoc testing 
or simulative evaluation. Althou~h combinations of these apprqaches 
are employed in many problems, each has ,its own role and limit~tions. 
The micromechanistic approach offers much appeal from a 
scientific point of view, however, it does not yet provide a tool for 
,calculating the properties of engineering materials. With very few 
. I 
and highly specialised exceptions~ this .approach has not yet led to 
I 
the successful prediction of the most f~ndamental properties of. even 
simple single crystals under limited types of loading and environment. 
Nevertheless, despite its quantitative shortcomings, the micromechanistic 
j 
) , 
.. : .... ~: ....... 
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approach is quite useful in generalizing rheological behaviour, in 
providing ,a basis for making correlations and in extending existing 
data beyond the range of variables studies experimentally. 
At the other end of the testing scales is the ad hoc test. 
The motivation behind this type of test is to provide data which are 
" 
directly applicable to a particular problem' or situation; it empha-
sizes simulated service testing and is often the only reasonable way 
to obtain quick answers to engineering problems. 
An approsch intermediate between those discussed above is the 
macro-analytical or phenomenological approach. In this approach, 
material properties are determined by testing specimens under simple 
environmental conditions, and this behaviour is idealised in a manner 
which leads itself to mathematical compactibility, in other words, a 
constitutive equation is formulated. In a macro-analytical approach, 
the idealization of material properties I is a most important step; 
. ; 
often, initial simple idealization for predic'ting liroi.ted types of 
. , 
behaviour must be extended to incfude ai greater range of conditions. .... , ~",,_: 
Emphasis amon~ the three approa9hes is changing with tfme. 
Although ad hoc testing has been a mainstay in the past, the micro-
mechanistic and phenomenological approaches are gaining in popularity. 
~ 
There is a general desirability'to systematically view, in so 
far as i~ possible, all response data within some compatibl~ f~amework, 
, , 
, , 
such as an,n-dimensional hypersurface. ,Of course, adequate data are 
, , 
'not presently available to comple~ely describe this surface, but each 
., 
i~ 
1 
. " 
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experimental programme will provide data to characterize a small 
portion o~ it. It should be stre~sed that this surface is suggested 
as a conceptual model only, and any comprehensive mathematical treat-
ment alon~ these lines is consider~d both impractical and unf~asible. 
However, one of the more promising approaches for interpreting and 
synthesizing available experimental data lies in the theory of non-
linear viscoelasticity. There has been an increased effort in recent 
years to apply this theory to describe suspension behaviour and so 
far the result has been encouraging because the non-linear constitutive 
response exhibited to a greater or lesser degree by most su~pensions 
invalidates the strict application of the Boltzmann superposition 
principle, which forms the backbone of the mathematical theory of 
linear viscoelasticity. Nevertheless, despite these observed non-
linearities, there are several ju~tifications, as will be discussed 
subsequently, for a limited and cautious application of linear visco-
elastic theory to analyse the constitutive behaviour of flow. 
(b) Eguipments and Modification 
, , 
, , 
, , 
'I 
The techniques of conventional Viscometry are limited to the 
measurement of only one component'of the stress (the tangential compo-
nent in the direction of the streamlines) in a liquid subjected to 
some type of laminar shearing movement with a simple time deveiopment, 
.' , 
usually a constant strain velocit~ or s~rain velocity profile.' for 
the newtonian ~iquid, this single, stress measurement is sufficient 
. i 
since the other independent components of the stress are either zero 
or d?pendent only on the hydrostatic pressure. It has become customary 
to regard this simple pattern of behaviour as the normal one and any 
" 
deviations from it as anomali~s, but, as the "anomalous" materials, . 
\ 
including,many of technical importance, have become increasingly 
I i 
numerous, it is now necessary to contemplate a general, more complex, 
i 
I 
scheme of mechanical behaviour into which the newtonian liquid fits 
as a special case. Advances made by various rheologists in the under-
standing of these fundamental mechanical properties of "anomelous" 
materials have demanded a .corresponding improvement and the develop-
ment of more sophisticated instruments in experimental testing. 
, Weissenberg(59,60) has formulated the principles of' such an 
apparatus which, in an ideal form, would enable measurements to be 
made of the development in time of the components of stress and strain 
round the full solid angle in space at every point in the flowing 
! 
material. The instrument would enable any simple homogeneous strain 
to be applisd to a material of any consistency. 
In the present form of ' instrument, the matsrialunde~ test is 
\ i 
contained in a gap between two platens rormally of 2 inches di~meter 
whose form. can be varied to suit'the experiment to be performe~. In 
the Weissenberg rheogoniometer, tpe low~r platen is driven whilst the 
upper platen is used to measure t~e torQue generated within the sample. 
The material is then subjected to one of three types of laminar shear-
I 
ing action -
a) a steady unidirectional laminar shear; 
b)' an oscillatory laminar shear of variable amplitude and 
frequency; and 
c) a superposition of (b) ~n (a) so that the material can 
be investigated i~ vari?us ste~dy states of shear by 
\ 
. ! 
• t 
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an independent vibration analysis. 
By various devices, sufficient measurements are taken of the 
components of the stress generat~d by one motion to determine completely 
the stress distribution at every point in the flowing material at every 
instant in time. In so doing, no assumptions are made beyond that of 
the validity of two of the fundamental principles of mechanics, namely, 
the maintenance of continuity and the dynamic equilibrium of forces. 
Care is taken that no disturbances to the even flow of the material 
arise from unsatisfactory boundary conditions, by force due to inertia 
in the liquid becoming appreciable. 
fig (4.1) (photograph) shows the general layout of the appara-
tus and fig (4.2) (photograph) is a close-up of the main frame. 
fig (4.3) is a labelled diagrammatic sketch of the instrument without 
I I 
the normal force assembly. 
The base of the instrument is a,heavy steel box, A, fig (4.2), 
on which the vertical slide, B, and bearing housing are firmly attached, 
the whole assembly being accurately pegged an~ secured by Allen screwa. 
The various upper platens are attached to a shaft which rotates via 
I , 
an air bearing in a saddle, e, moving along the slide by means.of a' , , 
lead screw, D. The bottom cone is moun~ed in two bearings, carefully 
I , 
aligned so that the axis of the ldwer platen is perpendicular to the 
, I 
surface of the'upper plate to within a small tolerance. In se~ting up 
i . 
the instrument, the upper saddle bearing is carefully adjusted to be 
colinear with the lower driven shaft. 
) 
~ - ------ --
Fig (4 . 2) Close up of main Frame 
7----... 
6---. 
5~ 
---r...----
1 2 
1 
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10 
to tape recorder 
and subsequently 
to HP Fourier Analyser 
5451 A. 
Fig (4.~) Diagram of experimental arrangement.· (1) Motor; (2) Gearbox; 
(3) Variable Sine Wave Generator; (4) Input Transducer; 
(5) Platens containing sample; (6) Air bearing; (7) Torsion 
Bar; (8) Output transducer; (9) Direct reading transducer meter; 
(10) Filter- (11) 512 slot disc; and (12) Light emitting diode. 
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The lower platen can be given one of three types of motion : 
a) a unidirectional rotation at a steady frequency; 
b) an oscillatory harmonic ~otion, predetermined amplitude 
.', 
and frequency; and 
c) a motion obtained by superimposing (b) on (a) or (a) on 
" (b). 
Type (a) is provided by a 1 hp synchronous motor thr~ugh a 
gearbox and electromagnetic clutch, H, Fig (4.2). The drive is taken 
through a magnetic clutch and brake which permits rapid engagement 
and. disengagement of the drive. The gearbox has 60 selected output 
speeds in equal ratio steps of 10-0•1 (1:1.259 reduction). Internally, 
this gearbox is in two parts. The gear changing mechanism associated 
with each part of the gearbox is set as a power of ten. 8y adding 
these two indices, a figure is obtained which expresses the overall 
speed reduction of the gearbox.as a power of ten. This. ratio is the 
platen speed and is tabulated in Appendix 3. The gearbox used in thia 
way gives a range of platen speeds from 12.5 to 6.259 x 10-5 rev/sec. 
The oscillatory motion is provided by a second motor and gear-
box, via a flexible coupling to eliminate transmission vibration, to 
give a frequency range from 5 to 5 x 10-3 Hz. The amplitude of 
oscillation is governed bY0a variable throw cam mechanism which may be 
set by adjusting the micrometer thimble, E, and may range from ± 25 
microns to ± 1000 microns, linear motion at the drive shaft. It has 
I 
been arranged that this adjustment does- not alter the phase of the 
motion. 80th motor drives are combined to give type (c) motion as the 
"--' 
- '. 
I 
--~ 
6S 
final coupling to the journal is by worm and wheel. The rotational 
motion is.imparted by turning the worm via the wheels which the 
oscillatory motion results from an axial movement or-fhe worm. 
... ....... . 
. -. 
The form of gap normally used is of the cone-and-plate type 
formed between a lower cone with small half-angle, and an upper plate 
with its lower surface passing through the hypothetical apex of the 
cone (in practice, the tip of the cone is machined off to a depth of 
0.001 - 0.004 inch~ . and its absence does not significantly affect 
the constancy of the rate of shear across the diameter of the gap 
w1thin the limits of experimental error). The flat portion of the 
lower cone enables the gap to be set more easily and allows' the slight 
movement which would indicate the presence of negative axial press~re. 
The torque on the upper platen is determined by measuring the 
twisting of a torsion bar. The shaft is mounted in an air bearing and 
the displacement transducer core is mounted onto the end of a 10 cm 
long radial arm, the torsion bar being between the upper end of the 
air bearing shaft and an extension to the journal saddle, r. 8y using 
a sensitive·transducer and a stiff torsion bar a torque transducer 
of low compliance is Qbtained. tor oscillatory testing, it is advisa-
ble to choose a torsion bar that gives a natural machine oscillation 
frequency well removed from that of the applied oscillation or its 
harmonics. Correction for machine oscillation can be made. 
The signals from the transducers are demodulated and displayed 
directly onto transducer meters or ~ed into recorders. If high 
frequency recorders such as galvanometers are used, it is necessary· to 
'Ij 
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place a low pass filter between the transducer meter and galvanometer 
to r~move .the residual 1 kHz carrier frequency. The transducer meters 
are directly calibrated to give a direct reading in microns on the 
meter so that after setting up the only adjustment required is to 
zero. The characteristic of low pass filter used in this work is 
shown in fig (4.5). 
The minimum full scale deflection which can be measured, using 
these specially selected transducers, is 1.25 x 10-6inch to an accuracy 
of 2% of this. The torsion head is capable of withstanding' large 
stresses, the rigidity of construction ell owing only negligible verticle 
movement. The lower platen assembly may be either crf-the "solid" type 
(no normal force measurement) or "flexible" for normal force measu-re':- ~ ... 
ment. In order to cover a wide range of forces, the torsion bar and 
spring can be replaced by others of different "stiffness" coefficients. 
A transducer, P, measures the amplitude of oscillation and 
phase of the strains given to the material under test by measuring the 
linear displacement of the worm shaft. The gap between the platens is 
accurately measured by a transducer mounted vertically on the torsion 
head .and slide. 
" ..... 
The platens are so designed that they are readily interchangeable. 
Thus, combinations of diameters of cones of various angles and platen, 
up to a maximum of 7.5 cm, are used in either the top or bottom positions. 
The DC signals from the filters can be used to drive other items 
of equipment. 
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a) ror rapid changes, this output may be recorded using an 
, . ultraviolet galvanometer. 
b) ror slow phenomena, the signals can dr-ive a direct 
inking recorder or X-V co-ordinate plotter. 
ror 'temperature control, the platens are surrounded by an 
insulated, hollow box through which is circulated liquid at a constant 
temperature. Kerosine is used for temperatures from-40 to +600 C, and 
, , . 
a special mineral oil such as groundnut oil for temperatures from 40 , 
Each of the interchangeable upper platens is fitted with an 
iron/constantan thermocouple with its junction in the surface of the' 
platen. The thermocouple wires are taken up the shaft and attached 
to a sensitive galvanometer which measures any change in the tempera-
tu re of the material near to the platen. In fact, the thermocouple 
cannot measure the actual change in the temperature of the material 
because this would require location of the thermocouple junction in 
the material itself so distorting the flow conditions. 
I 
A number of au.thors in recent years have turned to oscillatory 
shear at large amplitudes, where the re~ponse stress shows a harmonic 
content resulting from non-linear nature of the sample. rurther deve-
lopment of, this technique is made more difficult both by difficulties 
in analyiing and interpreting the data and by the limited capabilities 
of existing rheom~ters. The purpose of the first half of this project 
was to remOVB some of the difficulties in measurement and analysis by 
adding new items of equipment and designing new', components specially 
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for oscillatory studies in non-linear region. The resulting rheometer 
system is. also suitable for small amplitude oscillation, within the 
limits of the 'amplitude range available on the rheogoniometer. 
The first stage of modification was the coupling of the rheo-
goniometer to a Hawlett Packard fourier Analyser 5451 A by means 
of a frequency modulation tape recorder. A schematic diagram of this 
package is shown in fig (4.4). The twin low-pass filters for the out-
put signals from the Weissenberg ware constructed following the 
. 
recommendation from the manufacturer, so that attenuation of the two 
channels agreed within 2% and phase shifts matched to within one 
degree at all frequencies below the cut-off frequency. Three cut-off 
frequency settings at 20 Hz, 50 Hz and 150 Hz were available. The 
choice depends on the harmonic content desired in the final analysis. 
Calibration curves of phase shift and attenuation versus frequency 
were constructed) for use in correcting the harmonic analysis. In 
operation, the stress and strain ouput signals from the rheogoniometers' 
transducer meters, after being passed through the twin filters, were 
recorded on magnetic tape. fiVe hundred and twelve timing lines per 
cycle were generated by a light beam photo c~ll system, interrupted 
by a 512-s10t disc mounted on the1oscillatory input shaft. The pulses 
were suitably shaped and fed into ahother channel of the recorder. 
for details necessary on the electronic ,construction see Appendix 4. 
The generated pulses could also be reduced to 256, 128 and 64 pulses, 
the figures being chosen so that the number of pulses agree with the 
size of the memory store available on the Hewlett Packard fourier 
Analyser. 'The H-P fourier Analyser can be set to sample the recorder 
output on the receipt of each timing pulse so that one cycle of the 
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input strain or output stress wave may be sampled 512 times or any 
binary fraction of that. Recording began after a few cycles of 
oscillation, so as not to include starting transients and continued 
for about three minutes. 
(c) Materials 
-.... . ... 
The suspensions used were of chalk whiting dispersed in water 
with the aid of an ionic dispersant, Oispex N40. Chalk whiting is a 
ground and classified form of natural calcium carbonate which is 
almost entirely calcite •. Riley(61) had shown a batch of the same 
grade of material from the same source to have the following composi-
ticn: 
Acid insoluble 
Calcium Ca2+ 
Carbonate CO.j-
= 
= 
= 
1.15% 
39.10% 
59.20% 
Table (4.4) Analysis for acid insoluble, 
calcium and carbonate content. 
, 
.' 
The actual sample of whiting used was 'obtained from the Queens-
gate Whiting Company, who operate a chalk pit which is uniquely 
free of flint. flint, a form of silica, normally occurs in conjunc-
tion with chalk, and the hard sharp particles of flint when present are 
likely t~ cause severe damage to the platens of cone and plate visco-
meters. 
Chalk is the skeletal remains of animals, these being known as 
............. 
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coccoliths. In the sample used, a few of the coccoliths had survived 
the grinding process md appeared as toroids. The majority of particles 
were fragments of these toroids, their shape being shown in rig (4.4) • 
. '. 
Dispex N40is the sodium salt of polyacrylic acid having the 
formula 
" 
CH 2 -CH-
I 
c=o 
+ I Na •••••• 0-
n 
The average molecular weight as stated by the manufacturer, 
Allied Colloids Ltd, Bradford, is 40,000 giving n an approximate value 
of 300. As the material is produced by a free radical polymerisation 
reaction, the molecular weight distribution is expected to be Gaussian. 
Suspensions were prepared by dilution of the appropriate quan-
tity of Dispex N40 and addition of the required quantity of calciu~ 
carbonate. The resulting mixture was then homogenised by hand or slow 
shear mixing. Six samples were prepared as shown in Table (4.5), where 
the compositions are calculated on a weight basis. 
Constituents Sample Sample Sample Sample Sample Sample 
1 2 3 4 5 6 
Water 48.620 31.560 24.533 23.000 21.649 17.942 
, 
Dispax N40 1.340 1.780 : 2.133 2.000 1.882 1.561 
Calcium 50.040 66.660 : 73.334 75.000 76~469 80.497 
Carbonate 
Table (4.5) The Composition of Six Dispersed Systems 
Fig (4 . 4) Coccoliths under e l ec tron microscope (X12000) 
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The quantity of Dispex N40 used was based upon the work of 
Davidson(62) and Riley(61) who found that it was sufficient to' give 
the desired rheological properties. 'Later experiments, in Chapter 5 
(sectio~ c), showed that this quantity may have been in gross excess 
which made accurate colloid stability calculations difficult but these 
experiments were only. possible at a later stage in the work when a 
suitable analytical procedure for Dispex N40 was available. This point 
is discussed further in section e of Chapter 5. With some materials, 
such as kaolin, the rheological properties are sensitive to the history 
of the specimen and many workers exposed their dispersions to high-
energy mixers such as the Z-blade mixers or high-shear rotary mixers 
, prior to measurement. However, the chalk suspensions used showed no 
changes in rheological properties when exposed to the highest shear. 
rates practicable in the viscometer used for periods greatly in excess 
of those required for rheological measurement. Hence, it was assumed 
that under the experimental conditions used, the calcium carbonate 
suspensions were not work ~odified. The suspensions were stored in 
bulk and not used for at least 24 hours after preparation to allow 
equilibrium to be established. 
(d) Rheological Measurement 
The apparatus employed for both dynamic ~'and steady meesurements 
of the suspensions was a torsionelly oscillating rheometer described 
in the previous section. Measurements were mede using cone-and-plate 
geometry (5 cm diameter, cone ang~e 20 ?O'). Dynamic properties were 
measured in the same 'geometry using a strain amplitude range from 
Y = 4.372 x 10-2 to 6.128 x 10-1, and the frequency was varied over 
,------------------------------------------ ---- ----- -- , 
) 
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the range 1.25 x 10-2 Hz to 0.79 Hz. All measurements were carried 
out at 22.50 C and sample drying was prevented by flushing the thermo-
statting chamber of the viscometer with air that had been saturated 
at 250 C. The chamber was also lined with wet cotton wool and kept 
constant at testing temperature by a circulating oil bath. 
,. 
/ 
\ . 
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CHAPTER 5 
(a1 Particle Size Analysis 
The size distribution of calcium carbonate was determined using 
a microscopic method according to 85 3406 Part 4, where the area of 
the projected image of a particle is compared with a graticule engraved 
with circles which is superimposed on the field of view of the micros-
cope. The size distribution was found to be logarithmically distributed 
i.e. it obeys 
where M is the geometric mean diameter, Og is the geometric standa~d 
deviation and dm is the mean diameter of the distribution. See f;ig (5.1). 
The summary of the results is given in Table (5.1). 
Table (5.1) 
Size/micron No. of Particles Freguenc~ Cumulation % 
> 7.125 4 
-
-' 
7.125 , 11 1.71 
5.041 27 5.93 
3.563 73 
-
17.3 
2.520 95 32.'2-
1.781 135 53.28 
• 
_ ..... -"-
1.256 144 75.8 -'~" .... 
0.891 155 
-
< 0.891 omitted 
-
\ ° 
.0. 
Particle 
Size . 
(micron) 
10 
Fig (5.1) 
". 
". 
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{ 
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dm was found to be 2.3 microns. To confirm this figure, a 
Coulter Counter was used to measure dm, and the result was 2.4 microns. 
The agreement between these results confirms the validity of the results 
and suggest that the assumption tha~ the particles are spherical,as 
used in section e of this chapter, is valid. The microscopic techn~que 
measures the diameter of a circle of equivalent projected particle area, 
whilst the Coulter Counter measures the diameter of a sphere of equiva-
lent particle volume. 
(b) Surface Area Determination 
tor the interpretation of certain results, it was necessary that 
the surface area of the calcium carbonate be known. As ground calcium 
carbonate is believed to be non-porous, this was determined using the 
(63) , B.E~T. method • A simple all glass apparatus of the type described 
by Krieger(64) was used to study the adsorption of N2 onto calcium 
carbonate at _191 0 C and atmospheric pressure of 743 mmHg. A 16 9 
sample was used and the data obtained are p~esented in Table.(5.2). 
Table (5.2) 
Weight of calcium carbonate = 16 g -....... 
Ambient Temperature = 230 C 
Ambient Pressure, Po = 743 mmHg 
P (mmHg) X pIPo V (ml at S.T.P.) X = V(1 - X~ 
6.50 0.0875 0.4790. 0.2002 , 
11.70 0.1575 0.5417 0.3451 
16.90 0.2275 0.6107 0.4822 
22.35 0.3008 0.6911 0.6225 
.. .. ~"'-." 
.... 
11 
f'ig (5.2) 
0.8 
". 
~ .. 
0.6 
0.4 
0.2 
o 
-0.1 
o 0.1 0.2 0.3 
x 
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P is the equilibrium pressure of N2 above the nitrogen and V 
the, volume of gas adsorbed corrected to S.T.P. On plotting X against 
X V(1 _ X) , a linear plot was obtained upto X = 0.3, as in Fig (5.2), 
showing that the system obeys the B.E.T. equation. The small value 
of the intercept, 0.03, is additional evidence that multllayer adsorp-
tion corresponding to a type 11 isotherm had occurred. From measure-
ments of the slope and intercept, the surface area was calculated to 
be 2.2 m2/g, assuming that 1 molecule of nitrogen covers 16.2 x 10-20m2• 
(c) To Characterize the Adsorption of Dispex N40 Dn Calcium Carbonate 
In order to characterize the calcium carbonate surface to permit 
calculation of colloid stability, it was necessary to determine the 
amount of Dispex N40 present. This is commonly done by determination 
df the adsorption isotherm, that is. determining the amount adsorbad 
at constant temperature as a function of adsorbate concentration in 
the solution phase. 
Th~ adsorption isotherm was determined at 22.SoC by placing 4 g 
of calcium carbonate in a stoppered test tub~,adding 17 ml of the 
solution of Dispex N40 covering the concentration range of 1.6 x 10-2%'(w/w) 
to 20% (w/w). The sealed tubes were subjected to end-over-end mixing 
for four hours in a thermostat bath maintained at 22.SoC after which 
they are kept stationary for eighteen hours and re-mixed for ai further 
~our hours. The solid was then centrifuged down, a portion of each 
supernatan~ liquid was analysed and the concentration cbange calculated. 
By comparing t~e amount of Dispex N40 added with thet present after 
adsorption~ the amo~nt adsorbed could be calculated by difference. 
--------------------------------------------------------------------------'.-------------
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The concentration of Dispex N40 were determined by a technique 
kindly provided by the manufacturer, Allied Colloids Limited. A 
sample of Dispex N40 solution was deionised by gel permeation chroma-
tography and then a colour complex was formed with Toluidine Blue. A 
chelatihg agent, Tetralon HT (Allied Co~loids Limited), was added at 
the complexing stage to remove any residual interfering ions. The. 
colour change from that of the original dye to that of the complex 
formed occurred OVer a very narrow concentration, i.e. about two times. 
Hence, the approximate concentration was determined by eye with refer-
ence to a standard solution of Dispex N40 (kindly provided by the 
man~facturer) anq the actual value determined by graphical interpolation 
on a curve prepared by using the standard reagent using a Unicam SPSOO 
spectrophotometer at 625 nm. 
A 10 ml sample containing Dispex N40 or its salts is pa~sed 
through the column packed with Sephadex G-25 medium (from Pharmacia 
fine Chemicals AB) at a flow r~te of 3 ml/min. The fraction of salt-
free polyacrylate is collected and diluted successively until Tolcidine 
Blue colour test is no longer sensitive to detect Dispex N40. The 
colour test is carried out by adding t01 ml of the sample the follow-
ing reagents, 
1.50 ml Toluidine Blue (200 ppm); 
0.25 ml Tetralon HT·(1%); and 
7.25 ml deion~sed water. 
About 3 ml of the above Toluidine Blue test solution is placed1in the 
spectrophotometer cell to get the absorbance reading at 625 nm: The 
absorbance at this wavelength falls with increasing concentration of 
polyacrylate. This observation corresponds to the colour change from 
90------------------------------------r-----------------~--------------~ 
Fig (5.3) 
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blue to pink with increasing polyacrylate. A typical result is shown 
in fig (5.3) which shows a reference curve and the optical density, 
and, hence, the concentration of the unknown. 
from these results, the isotherm shown in fig (5.4) was cons-
tructed. This is typical of a Type I isotherm, in which the solid 
surface becomes covered with a monolayer of adsorbate such that no 
more material can be adsorbed. Although this simple Type I model does 
not rigorously apply to the adsorption of long chain molecules, it 
will be assumed to apply here. The plateau in this isotherm corresponds 
to a concentration of 4 x 10-4 kg of Oispex N40 per kg of calcium carbon-
ate, which using the surface area of calcium carbonate of 2.2 m2/g 
corresponds to a coverage of 1.9 x 10-7 kg/m2. Assuming that Dispex N40 
has a density of 1.05 kg/dm3,and that it does not carry any water of 
hydration, this corresponds to an average adsorbed layer thickness of 
0.153 nm. 
(d) Sediment Volume • 
Measurements of sediment volume after some fixed time may be 
used to compare degrees of aggregation. Stable dispersions tend to 
sediment into close-packed cakes of small volumes, whereas coagulated 
or flocculated systems settle with large sediment volumes. A very 
simple explanation is that, in a stable dispersion, the repulsions 
are insufficiently strong with particles of the size considered here 
to hold them apart at any significant distance. Whereas, in a coagu-
lated system, the attractive forces hold the particles in very po roue 
or loose agglomerates and thus give a large sediment volume. Hence, 
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we have a purely qualitative but sensitive test of coagulation. 
Qualitatively, from the result shown in Fig (5.5), Dispex 
N40 has a similar effect as Teepol, BPD and Calgon. Teepol is an 
anionic 'detergent material, the dispersant BPD is a mixture of poly-
oxyethylene alkyl phenol and a long chain fatty acid, and Calgon is 
a proprietary polyphosphate dispersant. BPD has bean observed by 
Riley(61) to disperse calcium carbonate and produce apparently 
newtonian dispersions at high ~oncentrations when exposed to continuous 
shear. It would appear from the similarity of these results, and 
their difference from that for an undispersed suspension of calcium 
carbonate that Dispex N40 was an effective dispersing agent for this 
material. 
(e) Particle Interaction 
The rheological properties of dispersions are affected by 
forces between the surfaces of the particles. The particles may have 
- ionizable groups on their surfaces or they may adsorb ions from solu-
tion to give them a negative or a positive electrical charge. Solvent 
molecules may also be.held strongly at the particle surfaces. The 
charged particles are then surrounded by a cloud or ionic atmosphere 
of oppositely charged ions. These charges form an electrical double 
layer consisting of a fixed layer at the surface of the particles, 
and a layer of opposite sign extending ~ut into the medium some of 
( 
which may be fixed and some mobil,e. The suspended particles, together 
with the fixed layers, will move in an electrical field, and the 
experimentally determined difference in electrical potential between 
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(a) Attraction (b) Repulsion 
Xe equilibrium separation (conventionally assumed 
to be 0.4 to 0.5 nm) 
(1) van der Waals (2) Repulsion" (3) Total 
(+) 
(- ) 
Fig (5.6) Potential energy curves for particles 
interacting in suspensions. 
Energy 
barrier 
Secondary 
Attraction 
Distance between I--J.----------....... particles 
Fig (5.7) Schematic plot of interaction energy 
versus separation for combined van " 
der Waals attraction and repulsion. 
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the moving particle and the surrounding medium or diffuse layer is 
known as the zeta potential (~). 
According to classical DLVO theory, Kruyt(6S), particles in 
suspension are subjected to two types of force: attractive forces 
of the London-van der Waals type (Hamaker (66», and forces of repul-
sion due to interaction of the electrical double layers surrounding 
each particle. Normally, we plot the potential energy of two parti-
cles as a function of distance apart resulting from the van der Waals 
attraction energy and the charge repulsion energy. The curve result-
ing from the addition of the repulsion and attraction terms predicts 
the stability of the system, a maximum in the curve at close separation 
corresponding to repulsion, and a minimum corrssponding to attraction. 
Ses fig (S.6a,b). 
for the attraction to be significant, it is necessary that the 
minimum be deeper than the energy corresponding to ths thermal diffu-
sion of the particles, say> skT. When large particlss, say> 1um, 
are considered, the curve may show a primary maximum combined wit~.a., 
secondary minimum. A curve of this type is shown in fig (5.7). 
In the presence of adsorbed layers, the van der Waals attract-
ion term is modified and this has been analysed by Vold(67). More 
recently, Vincent(68) corrected a minor error in the Vold equation 
and re-derived the equations from the original Hamaker (66) theory 
and extended the equations to several geometries with modifications 
for the retardation affect which becomes significant at large particle 
separations. 
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The corrected Vold equation for two spheres, the terms being 
defined in fig (5.8), is shown as equation (5.1e), where Ap. As and 
Am are the Hamaker constants of the particle, adsorbed layer and 
intervening medium respectively. 
• •• (5.1e) 
Hss ' Hpst Hsp and Hpp are dimensionless "geometrical terms" 
which were derived for the retarded and un-retarded situations by 
Vincent and they are computed as shown' below: 
Hss 6 = h 
Hpp :. 6 = h + 2c5 ) rl = R 
'~ .... 
" 
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~ = h + 15 
~ = h + 15 
r2 
x = y = 
rl ••• (s.2e) 
" 
There are two H functions, Hs and HL' the former corresponding 
to the short-range separation and the latter to the long-range sepa-
ration, and the range of validity for Hs and HL depends on the critical 
separation parameter, ~*, determined, such that for ~ < ~* ,Hs is 
used and for ~ > ~* , HL should be used. 
[Y' Y .( ")] 8b
r
l
2 
[ ( " )] Hs =a -+-.. -+2In -' - +- 2.1'+ (21e+y)·ln --
. re te + .I' te + .I' C . _ . ___ ~ + .I' 
• •• (s.3e) 
. a' [.1'(1-+;);' .1'(1 - .1')2 2(.1'2 + .I' + 1) . 2(y2 - .I' + 1) (" + .1')] , H .... _ + - + +41n --
L· 10C1,2 (u+ y)2 u , u+ y u 
'. _h' [_2 '·'_':+'y2+ y+ 1_ y2 - y+ 1 _ .1'(1+ y)2~ y(1- ;')2J' 
+ ~ .. (s.4e) 
60'12 u+ y u . u2 .' (u+ y)2' . . ua (u+ y)l. 
where 2 u = x + xy + x x = ~/2q 
a = 1.01 b = 0.14(21T/A) a' = 2.45 (A/21T) b' = 2.04(A/21T)2 
The critical separation, ~*, at which the change over from the 
Hs to the. HL function occurs is given by the empirical relation 
4.5 (1091oR)3 ••• • •• (5.5e) 
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Early attempts to compute interaction curves using Vincent 
equations gave erroneous results and it was found(6g) that two of 
the numerical constants given in the original paper were incorrect. 
·for the electrical repulsion terms, the equations obtained 
by Hogg et a1(70) were used. Their results apply for the approach 
of two equal spheres at constant potential or at constant charge, 
the most commonly made assumption is that the potential responsible 
for particle interaction remains constant at the surface, but an· 
alternative condition that must be considered·is that there is a 
constant charge between the particles as they approach, i.a. an 
increasing surface ptential. for constant potential, Hogg et a1(70) 
gave for the electrical interaction 
. 41TankTyf ( . 
VR = In {l + exp(-xd)} ••• (5.6e) 
X2 
\ . 
At constant charge~~the expression for two equal spheres is 
= 
41TankTyf 
---- In· {l - exp(-xd)} 
X2 
••• (5.7e) 
where Yl (Oimensionless potential) = ze1/l/kT • ,
X2 (Debye-Huckel) = 2e2nz2/&kT • ,.
e = elementary charge; 
1/1 = surface potential; 
z = valence of ion; 
.j 
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n = number of ions per unit volume; 
€ = permittivityt 
k = Boltzmann's constant; and 
T = absolute temperature. 
The cation (i.e. Na+ from the sodium polyacrylate,'plus a very 
small equilibrium concentrdion of Ca2+) concentration of 1.5 x 10-4 
gmol/g of suspension is too high to apply double layer theory. The 
high concentration used was based on the earlier work of Riley(61) 
and Davidson(62) in that it gave consistent rheological properties 
and was fixed before the method of analysis used to characterise the 
adsorption isotherm (section c of this chapter) was available • 
. 
To resolve this difficulty in calculating the electrostatic 
interaction, experiments were car.ried out at a DispQX--N40 concentra-
tion at about 30% in excess of the isotherm plateau value, and 
although no detailed analysis of ,the data was made, there appeared 
to be no change in rheological properties within the range of Oispex 
N40 concentrations considered. Hence, the computed interactions were 
calculated at a cation concentration of 3 x 10-6 gmol / g of suspension, 
giving a;value of 5.11 x 108 m-1• The figure obtain~d by Riley(61) 
for the ~ potential, obtained from electrophoretic mass transport 
experiments of 67 mV was used. Although these were made at the higher 
ion concentration, the value ofKa obtained in both situations was such 
that the calculation of ~potential us~ng HenrY's~71) correction graph 
was still valid. 
In the calculation of the attraction energy term, the Hamakar 
,J 
.~--. 
'. 
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. constants for calcium carbonate and water are taken as 0.161 x 10-18 
joules(61) and 0.438 x 10-19 joules(72) respectively. The JI;lmakar 
constant for Oispex N40 can only be approximated because there are 
no definite figures yet available. By assuming Oispex N40 to be 
similar to polystyrene a figure of 0.6 x 10-19 jOUles(73) can be 
taken for the Hamakar constant. 
,. 
fig (S.9) shows the curves obtained for the total interaction 
energy 
Vtotal = Vattractive + Vrepulsive 
using both the constant potential and constant charge approximations 
for Vrepulsive and the Vincent equations for Vattractive. for compari-
son, Vtotal for no absorbed layer was also computed. from this excercise 
the effect of absorbed layer was only to lower the secondary minimum 
by 2kT. 
In all subsequent calculations, the energy of particle inter-
action was considered to be that of the secondary minimum and the 
equilibrium separation that corresponds to the secondary minimum. 
However, the form of the interaction curves, particularly, the 
van der Waals term, is sensitive to the values of Hamakar constants 
chosen for the calculation. Although the value for water is the best 
known value(72), reported values cover more than one order of magnitude. 
The value for calcite was calculated by Riley(61) using Gregory's equa-
tion(73) and published data(74) for the dispersion of calcite. 
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CHAPTER 6 
(a.1) The Rheology Result 
The rheological measurements were carried out as described 
in section c of chapter 4. The results obtained for the series of 
suspensions used in this study with the exception of no. 6 are 
shown in fig (6.6) to fig (6.10). Suspension no. 6 which had a 
volume fraction of 0.6 was too 'fragile' and could not be continuously 
sheared as the sample broke'up into small lumps and was ejected from 
the gap. 
The shear stress and shear rate data are plotted logarithma-
tically on the ordinate and obscissa respectively. Suspensions 1 
and 2 show a decrease in viscosity with increasing ~hear upto about 
50 sec-1 and 100 sec-1 respectively before steadying out with further 
increase in shear. for suspensions 3, 4 and 5 the viscosity shear 
rate data show a marked shear thinning at moderately low shear rates 
and shear thickening at higher shear rates. It is quite probable that 
; 
suspensions 1 and 2 might have shown shear thickening at shear rates 
higher than can be obtained by the Weissenberg rheogoniometer. The 
flow curves of sample.3, 4 and 5 collapsed or could be reduced to 
one master flow curve indicating the shear rate having more or less 
the same effect on the suspensions. 
The pseudoplastic behaviour at low shear ,rates may be explained 
on the basis of floc-structure disruption; whereas, the dilatant 
behaviour at, high shear rates is explained on the basis of floc-struct-
ure formation. This postUlate can be resolved by considering pseudo-
94' 
plasticity and dilatancy as competitive rate processes. 
The kinetics of flocculation in a concentrated suspension are 
extremely complex and JOiy(75) simplified the actual phen~mena by 
assumiMg'that aggregates Ns , containig s ~articles, could be created 
or destroyed by two processes:-
,. 
i. "Bimolecular" collisions between two aggregate~ to give a 
larger aggregate; and 
ii. "Unimolecular" disruption into smaller aggregat~8 due to 
the shear stress within the suspension. 
The simultaneous collisions of more than two aggregates are 
assumed by Joly to be negligible. 
According to Joly, the rate of change of Ns with time due to 
collision and disruption is given by:-
where 
dNs 
; dt = 
i=s-1 
~ E (A, '1) (N,) (N 1) i=1 ~,s-' ~ s-
••• (6.1a) 
Ap,m = rate constant for the bimolecular collision of an 
aggregate containing p particles with one contain-
ing m particles, cm3jsec; 
= rate constant for unimolecular disruption of an 
aggregate containing q particles, 8ec-1, and 
_ ........ . 
A' = the upper limit of number of particles per aggregate. 
--------------------------
9S 
The quantity Ap,mNpNm represents the number of collisions per 
cm~ per sec between aggregates p and m which produce an aggregate 
containing (p + m) particles. Terms of the type Bq1fc1represent the 
number· of aggregates containing q particles which disrupt per! cmJ"'pEir _ ....• " 
sec. 
The first term in equation (6.1a) gives the formation of Ns 
by collision between aggregates containing less than s particles. 
The second term accounts the disappearance of aggregates containing 
s particles due to collision and addition with other aggregates. The 
third term represents. the formation of Ns due to disruption of larger 
aggregates. Finally, the last term accounts for the disruption of 
aggregates containing exactly s particles. 
I 
The average aggregate size at time t is defined as 
= ••• • •• (6.2a) 
Joly was able to solve equation (6.1a) for Xt by assuming the 
rate constants A and B were independent of aggregate size. 
Xt = 
1 '+ (2B/NoA)t Coth«NoAB/2)t t) 
(2B/NoA)t Coth«NoAB/2)i t) 
••• (6.3a) 
where No is the total number of primary particles per cm3• At equi-
librium 
:!: 
• ••• ~ •• (6.4a'> 
Thus, the aggregate size. Xt. depends upon the ratio of the . 
• 
" 
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~ate constants for collision and disruption as well as upon the total 
par.ticle concentration. 
,rig (6.1) illus'trates the most probable way the rate constants 
must vary with shear rate so that both pseudoplasticity and dilatancy 
will be exhibited in the same suspension. 
At low rates of shear, the rate of change of B with shear is 
greater than that for A. Therefore, the ratio of A to B must decrease. 
By equation (6.4a) the average aggregate size must decrease, which will 
result in a decrease in Viscosity. Here, Joly assumed viscosity is 
Rate Constant 
for Collision (A), cm3/seo 
, Shear Rata (f) e8c·1 
rig (6.1)' Variation of Rate Constant with Shaar 
, ~ 
. ' 
Rata Constant 
for Disruptlon 
(B), 88C-1 
............. 
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directly proportional to aggregate size. Therefore, in this region 
of shear, the flow will be pseudoplastic. However, as shear is 
increased, a point is reached where the rate of change of A with 
shear exceeds that for B. At this point, the ratio of A to 8 begins 
to incre~se and consequently the average aggregate size must increase. 
Therefore, the flow at the high shear rate becomes dilatant. 
,. 
from equation (6.1a), the collision frequency is proportional 
to the product of two concentration terms, whereas the frequency of 
disruption is only first order with respect to the particle concentra-
tion. Therefore, an increase in particle concentration increases the 
number of aggregate per unit volume. This means that a given level 
of floc size is reached at a lower level of shear rate and therefore 
the extent of dilatancy increases with increasing particles concentra-
tion. An increase in particle concentration is believed to increase 
the frequency of interparticle collisions during flow with the result 
that a given level of flocculation ie attained at a lower level of 
shear. 
The idea of shear induced flocculation presented above by Joly 
suggests that a simple and satisfying picture of at least s6measpects 
of the flow behaviour of suspensions can be obtained by considering 
the rate of "aggregation" and ~disaggregation" brought about by the 
shear rate. This is a likely mechanism of rheological dilatancy. 
(a.2) The~ Effects of Aggregation; on vikcosity 
There is no adequate structural theory for moderately concen-
. '. 
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trated systems with interacting forces or elements. In concentrations 
in excess of 0.02 volume fraction, the_ stress is no longer a linear 
function of concentration as predicted for very dilUte systems(6). 
There have been published several attempts to explain the 
behaviour of concentrated suspensions in shear flow which predict 
non-linear concentration dependence and non-newtonian viscosity with 
shear rate. Thus, for instance, hydrodynamic interactions between 
spherical particles may lead to non-newtonian viscosity resulting 
from the formation of doublets and triplets, etc. The conc'entration 
effects have been analysed by Robinson(76), Brinkman(77) and Mooney(18), 
who derived non-linear theories of suspensions. Since any of the 
three above-mentioned theories are very similar and fit much experi-
mental data, the theory of Mooney's has been chosen for calculating 
the effective volume fraction. 
When particles come together to form an aggregate, a certain 
amount of the dispersing liquid is immobilized within the aggregate; 
thus, the effect of IIflocculation" on the viscosity is attributed to 
sn apparently increased volume of the dispersed phase. Vand(78) 
postulated that even i~ the absence of particle interactions, when 
two spheres collide either due to shear or Brownian motion, doublets 
will form tempora~ily. In these doublets, the amount of immobilised 
liquid, as calculated by Vand, results in an increased viscosity 
roughly in agreement with experi~ental evidence. The existence of 
these unstable multiplets in Couette and poiseuille flows has been 
demonstrated by Mason(85). 
... .... -. 
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If the relation between relative viscosity and dispersed 
volume is known for dispersions in which only hydrodynamic interaction 
occurs, the amount of immobilized liquid can easily be found at any 
shear rate used. Mooney(18) used an empirical relation between the 
relativ~viscosity (nJ and the effective dispersed volume 
(1 + O.5~)t 1.25~ 1 _ ~ exp 1 _ ~ ••• • •• (6.5a) 
,. 
this relationship being shown in fig (6.2). 
Using the above equation, it was found that the more dilute 
the suspension is, the more strongly the effective volume fraction 
was affected by the shear rate, see figs (6.3) and (6.4). This 
indicates that, with increases in shear rate, multiplets present at 
lower shear rates are reduced to their primary states. The justifi-
cation of this statement is thet the effective volume fractions for 
dilute suspensions approach the actual volume fraction in the range 
of shear rate considered. However, this is not so ~high concentra-
tions where the effective volume fraction remains more or less consta.nt 
......... _ ..
'and the ultimate value is about one and a half times more than the 
actual volume fractioQ. See fig (6.4). This value remains constant 
with further increase in shear rate until the flow curve changes from 
shear thinning to shear thickening. ~' 
The difference between the effective volume fraction and the 
actual, (~Bff ~ actual) is an indication of the existence of 
. 
structure in the suspension. If the structure is multiplet with immo-
bilised liquid, then, this will .give a higher ~ than the actual volume 
. ". 
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Table (6.1} -. #.' 
'. 
.. 
Cone. of Sucrose Viscosity Viscosity n (poise) 
(w/w %) of no' 
Continuous Phase (poise) ~ = 0.005 ~ = 0.01 ~ = 0.02 ~ = 0.03 
, ... 
30 0.033 0.052 0.054 0.057 -0.059 
. 
40 0.048 0.066 0.068 0.070 0.072 
50 0.077 0.090 0.092 0.095 0.097 
60 0.148 0.149 0.155 0.162 0.163 
. 
-.... ~- .. 
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~raction as now the effective flow unit is much larger than the 
ori9inal primary particles. To test the validity of this idea that 
the effective volume fraction is a direct indication of the state of 
aggregation in a suspension at a given volume fraction and shear 
rate, the worl< input to destroy the aggregates must be some function 
of the dispersing medium viscosity. A series of experiments were 
performed with different viscosities of dispersing media. Sucrose 
solutions of different strengths were used as the continuous media. 
The reason for the choice of sucrose solution is that it is inert and 
was assumed not to interfere with the surface properties of the parti-
cles suspended in it. The solid content was also varied from 0.005 
to 0.03 volume fractions. All these suspensions obey the simple 
Newtonian law of fluid Viscosity. The rheological results are summa-
rised in Table (6.1). 
It was found that the more viscous the suspending liquid was, 
_ ....... -. 
the closer the experimental data was to the Mooney equation (at ~ <0.003 
the Mooney equation was.almost identical with Einstein's equation), 
showing that shear has more effect in separating the multiplets and 
thu& releasing the immobilised liquid in the more viscous media. See 
fig (6.5). The results indicate that the effective volume fraction 
computed from Mooney'e equation inidicates the existence of agglomer-
ates or structure. 
(a.3) flow Behaviour of Dilute Suspensions 
The" rheological behaviour of a chalk suspension stabilised by 
an ionic dispersant is discussed here using the basic assumptions of 
.., 
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well established theories. We have studied the interaction e~ergies 
of.systems and have been used to interpret the rheological data 
obtained in terms of the dimensions and magnitude of the interaction 
between the particles. The model on which we base our treatment is 
an extension and modification of the Michaels and Bolger(BO). They 
studied the pseudoplastic flow behaviour of kaolinite suspensions 
and considered the separate contributions of three modes of energy 
dissipation during flow: 
a. the energy E1 involved in maintaining laminar viscous 
flow of a suspension of non-interacting particles; 
b. the energy E2 required to separate particles which have 
been brought together by the shear field and by collisi9n 
due to Brownian motion; and 
c. the energy E3 necessary to break down the continuous 
."network" structure which m~y exist through the entire 
sample and may result in certain structural rigidity 
(i.e. a finite yield value, Ty) which must be exceeded 
before any flow occurs. 
Etotal = ••• ••• (6.6a) 
The relative importance of these contributions depends on the 
shear rate and concentration. At low shear rates, the flow behaviour 
may be explained by considering that th,e number of collisions due to 
shear is comparable with the number of collisions due to Brownian 
motion, whilst at hi'gher shear rates, the Brownian .. motion contribution 
is negligible. All the suspensions examined in this work also had a 
-'~"' ..... 
---_.- --------------------------'------------
107 
small but measurable yield value. Two possible causes of yield 
strength in suspensions have been postulated. The most widely used 
. i model is that due to an attraction between the particles and an" lequa-
tion for the yield value for various models of attracting systems 
have been proposed by Hunter and Nicol(B1) and Papenhuijzen(B2). An 
alternative explanation was proposed by Goodwin(83) who examined a 
system of colloidally stable, i.e. mutually repulsive, polymer latex. 
Goodwin attributed the yield stress to the presence of an energy 
barrier which the particles had to cross when in relative motion. It 
is known that ·stabilised monodisperse latex systems form regular 
geometrical arrays in which the theory of Goodwin would apply but no 
evidence exists as the applicability to polydisperse systems as consi-
dered in this thesis. 
/ 
Consider a system with attractive interparticle forces. If 
the energy necessary to separate two particles in a doublet is E4 and 
the number of dOUblets which are destroyed by the shear field per 
. 
second at shear rate y is n(r), then, the energy consumed by this 
process is 
= ••• ••• 
The energy concerned with maintaining the Einstein flow is 
= 
.2 ( y no 1 + 2.54») ••• ••• (6.Ba) 
where no is the suspending medium viscosity and 4» is the volume 
fraction of solids. 
The total energy consumption of the suspension is given ~y 
...... 
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.2 • 
= Y no (1 + 2.5~) ~ n(Y) £4 ••• (6.ga) 
T~~ basic shear flow curve will be given by 
" 
T = Y no (1 + 2.5~) 
where T is the shear stress. 
n(y) ~4 
+ ••• (6.10a) 
The number of doublets, N, destroyed by the shsar field per 
second at a particular shear rate can easily be calculated. The number 
of collisions of particles in a colloidal suspension per ~econd due' 
I 
to Brownian motion was calculated by Smoluchowski to be 
3 41 2 k T 
4 1T.2 a6 no 
and that due to shear is given by Mason and' Bartok(B4) as 
• 
If we assume these rates are additive then 
N = (~ + y) 
4na3 
••• • •• 
where a is the particle radius and kT is the thermal energy. 
(6.11a) 
If there is to be no build up of structure in the system, i.e. 
-....... .. 
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in the pseudoplastic regime, it can be assumed that all the doublets 
formed by .the above collision processes must be destroyed if the 
energy input is sufficient. At high shear rates, this is effected 
by the shear field, but at low enough shear rates, the shear field 
". 
is less significant in relation to Brownian motion. Since no-structure-
building process is taking place, the Brownian motion must itself be 
capable of destroying some of the collision' doublets: this is so 
provided that the energy necessary to separate the two colloidal 
particles in the doublet is less than the energy of Brownian motion. 
Therefore, equation (6.10a) becomes 
T = t no (1 + 2.5~) ••• • •• (6.12a) 
I 
I 
where B is the fraction of doublets destroyed by the shear field./ At 
high shear rates, B approaches unity. 
To evaluate B consider the following: 
According to Smoluchowski, the number of Brownian motion 
collisions suffered by a particle per second is found to be· 
M = 4 * 'li2a * Einstein Diffusion Coefficient * A 
= 
4kTA 
3no ••• ••• 
(6.13a) 
where A = number of particles per unit volume. Therefore, the average 
lifetime, tB' of a doublet .. is given by. the inverse of' the above 
expression, thus 
-' 
-----------------------------------~---------~---~----- -
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= ••• ••• (6.14a) 
4 k T A 
The shear flow life-time, t s ' of a doublet depends upon the 
angle ~, between the doublet axis projected onto the shear plane and 
the direction of shear. This relationship has been derived by Mason 
" 
and Goldsmith(85) 
,. 
( ~ ) tan-1 (itan !/I ) 
y ••• 
••• (6.15a) 
If the shear flow life-time is greater than that of 'Srownian 
motion average life-time, the doublet can be considered to be destroyed 
by Srownian motion. Thus, there exists a critical ~o such that for 
angles less than ~o,the doublet will be destroyed by the~shear field. 
The ~o value is given by (6.14a) and (6.15a) 
~o = tan-1 {2 tan(3noy/20kTA)} ••• ••• (6.16a) 
The fraction of collisions with an angle less than ~o has been 
derived by Mason 'and GOldsmith(85) and is given by sin2~o. Hence, the 
fraQtion, S, of collision doublets destroyed by shear rate is 
S = sin2 {tan-1 {2 tan(3noy/20kTA)}} ••• (6.17a) 
The number of collision doublets which are destroyed by shear 
rate n(y) is equal to the total number of collisions per second, N, 
times the fraction of collision doublets, S, which will be \destroyed 
by the shear field. That is, 
i' 
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...• 
n(y) = (y kT ' + --) B 
4n a 3 o 
•••. (6.18a) 
Substituting equation (6.18a) into (6.10a) gives the full 
expression for the flow curve 
,. 
T = Y no (1 + 2.5~) 
3 ~2 
~' + -- (1 + 
kT 
---) B E4 
4noa3y ••• 
(6.19a) 
The totel interaction energy, Es ' between two particles in the 
shear field fs the difference between the van der Waals attraction 
and the electrical repulsion potential. See section e of chapter 5. 
E4 = ~ (depth of minimum Es) where Ho ia the distance of separation. 
Equation (6.19a) then becomes 
. (1 +.2.5~) T = no Y 
3 ~2 ; kT 
••• (6.20a) + ( 1 +r B E 
1T 2a 2H 4noa:3y s 0 
The potential energy curves for the system being considered, 
as calculated in section ,e of chapter 5~ show a secondary minimum of 
18kT at a separation of 13.5 nm and these parameters have been, used 
, 
in ~quation (6.20a) for Es and Hoe 
In rig (6.6), the experimental data is indicated by the points 
whilst the theoretical curves calculated from equation (6.20a) is 
--. 
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shown by the solid line. The model isquit~ capable of explaining the 
general features of the observed behaviour. The agreement is .as good 
as can be expected, considering that the simplifying assumptions used 
to derive equation (6.20a). 
Since this model is based on the assumption of dilute suspen-
sions, its applicability to concentrated suspensions is questionable. 
fig (6.7) shows a plot of experimental data for a 0.4245 volume 
fraction suspension from which it can be seen that the experimental 
viscosities are considerably high~r than those predicted bi equation 
(6.20a). This discrepancy may originate in the fact that the deriva-
tion of equation (6.20a) does not take into account of multiplet 
formation, rigid rotation and particle crowding, etc. 
As shown in section (a.2) of this chapter, tha effective volume 
fraction of systems with ~ > 0.4 is not very sensitive to shear rate 
whilst for dilute suspensions it exhibits considerable sensitivity. 
This could be accounted for by th~ varipus types of particle-particl~ 
interactions referred to above but the situation is socomp1exand 
the nature of the experimental da~a such that no specific mechanism 
or mechanisms maybe aasigned. 
Any general flow equation would be more complex than that Qf 
equation (6.20a) because of the need to, take into account of the 
change in ~ffective dispersed volume fraction depending on the forma-
tion of mUltiplets. As the rate of formation of diffusion ~ormed 
n-plets by Brownian collision is a cons~derable function of nand thft 
the situation for shear induced and disrupted multiplets is even more 
. I 
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~omplex, being a function of nand i, the attainment of such a general 
equation will be a very difficult undertaking. ' 
The reaching of a steady viscosity at a finite shear rate for 
suspensions with ~ > 0.4 suggests that an equilibrium population of 
multiplets is present, whereas with dilute suspensions this was not 
, , ' 
found to be so at the shear rates availablg in the viscometer. As 
however the use of a highly viscous continuous phase gave agreement 
with the Mooney equation, i.e. complete breakdown to primary particles, 
this does suggest that if work be applied to a dilute suspension at 
sufficient rate an equilibrium situation will be attained end if ,the 
concentration of particles be sufficiently low that equilibrium will 
correspond to primary particles. 
/ 
(a.4) Flow Behaviour of Concentrated Suspensions 
Section (a.3) introduced a' stress-shear rate relationship for 
dilute pseudoplastic suspensions derived from a simple kinetic treat-
ment of formation and rupture of linkages between primary particles 
in doublets. For concentrated suspe'nsions, this approach fails to 
predict experimental f.lowcurves and also not capable of demonstrating 
the change from shear thinning to, shear thickening exhibited by some 
concentrated suspensions.cross(86) ha~ derived an equation, for 
systems showing only shear thinning, of, the form 
n = nco + •••• 
, 
• •• (6.21a) 
where n is the viscosity at shear rate t I and no and ncosre limitiog 
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values at, respectively, y = 0 and Y = co. 
where the rate constant for link'rupture is ko + k1ym. An extension 
of the above kinetic treatment leads to a more general equation, 
applicable to systems which exhibit shear thickening. It is based 
on the assumption that Brownian movement and shearing action contribute 
to ~he effectiv~ rat~ constants for rupture and link formation which 
,. 
can be expressed in the form (ko + k1(t/tO)m) and (k2 + k3(Y/Yo)m'). 
Yo is taken as unity and this is done so as to avoid any complication 
with the dimensions of k1 and k3 later on in the analysis. If k1 and 
k3 were to describe a specific reaction rate of a particular group of 
aggregates,then the problem of dimensions will appear. 
lfr(y,t) is the number oy linkages per primary particle ·(i,~. 
its coordination number) and p(y,t) is the total number of primary 
particles per unit volume, then 
At equilibrium 
Therefore, 
At zero shear rate, rO eq 
-r 
ar I 
at - 0 y,t::co 
.~ m 
+ k,(-.) } 
1 Yo' 
k2 po eq 
= 
••• • •• (6.22a) 
••• ••• (6.23a)· 
••• • •• (6.24a) 
,.. 
-~~~ --~~-~------------~ 
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Oivi'ding, 
, , . , 
req k2 + k3 <+-)m 
.& 
p 
= 
Yo ~ 
0 
r eq ko + kl Lm <.) ~ Yo 
k2 POeq 
", 1 +:a' <+-)m' p 
= 
Yg ~ (6.25a) (.t-)m ••• • •• 1 + a pO 
Yo 
eq ~ .. 
This treatment gives a relationship between Y and reqwhich 
indirectly expresses the dependence of group size on applied shear 
rate. It is now necessary to correlate req to n(r) and this can be 
done by assuming that the linked particles take the form of' a random 
chain which may be regarded as similar to the bulk viscosity of a 
linear polymer and its dependence on chain length or molecular weight. 
Buache(87) obtained an expression for a linear polymer with N chai~' 
segments/molecule' moving through a medium with a' friction factor, f. 
Hence, 
n 
where -2 R = 
N = 
A = 
p 
= 
PI = 
= 
R2 NpAf 
36M 
, . 
the mean square end-to-end chain 
the number of chain segments per 
Avogadro's number; 
density; and 
molecular weight. 
••• ••• (6.26a) 
distance; 
molecule; 
-
-.... . .. 
In this treatment, Nand R2 are each proportional to PI, and 
will be directly proportional to PI, i.e. proportional to the number 
of segments per chain. Assuming the analogy,we may therefore write 
for a system of particles as 
.... ' ......... 
. ..... 
\ 
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", 
n = n~ +,B~eq ••• (6.27a) 
where B is a constant of proportionality. Considar the following 
boundary conditions: 
n = n , 
o 
o 
= r aq 
\ ' 
when 
Therefore, Equation (6.27a)' becomes at i' = 0 
" .. 
. ' 
" 
:\ 
/ 
\ ) 
.................. 
. _ ........ . 
, , 
" 
. '. 
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.' noo = B rOeq ••• ••• (6.28a) 
Dividin~ equation (6.27a) by (6.28a) we get· 
11 - nco req 
= 
no- nco ~Oeq 
. , 
1 + a' (~)m 
n = nco + {(no - nco) , • Ye 
(L)m 
. . 
1 + a 
to 
(~)} ••• 
P .eq 
• •• (6.29a) 
Assuming that at y = 0 all the particles are in the primary 
particle state, i.e. complet~lY di~persed, Peq at other y is a measure 
of effective volume fraction, ~eff. This is so b~cause Peq is propor-
tional to the amount of primary particles present. We can replace 
o Peq/Peq by ~/~eff and equation (6.29a) becomes 
(! ) } 
~eff 
1 + a' 
1 + a 
, 
• • . m (Y /y 0) 
••• ••• (6.30a) 
This is the basic equation relating viscosity and shear rate. 
, 
It should be emphasized that it refers to equilibrium value of viscdsity. 
Before we ,can use equation (6.30a), we need to knownco ,no ,a ',a' , m', 
m,· ~ and ~eff. ~ eff is obtai~ed as outlined in section a. 2 of chapter 6, 
nco is evaluated by using simple Einstei,n's equation. The· rema~ning 
variables are calculated as outlined in Table (6.2). To obtain no and 
a , a graph of en ~nco) versusy m is plotted. It was found for all 
, 120 
suspensions examined that it has a finite slope but passes through 
the,origin, indicating both no and a are indeterminate. This type 
of behaviour has been reported by cross(86) for an aqueous limestone 
suspension. It thus appears that a is extremely high and hence that, 
as far as link rupture is concerned, the contribution ko due to Brown-
ian motion becomes negligible in comparison with thet due to applied 
shear. One practical aspect of this is to reduce the equation, (6.30a) 
to 
Table 
Quantities Plotte~ 
log (n-nco) vs log y 
n vs y-m 
109({n-noo}ym -1) 
A 
vs log y 
(n - noo)ym vs ym' 
(6.2) 
Intercept 
(! 
~eff 
••• (6.31a) 
Gradient 
. 
! 
-m 
.' 
A 
m' 
Aa' 
It was found from the above excise that m is roughly equal to 
-! 'and m' is approximately unity for all thre'e suspensions con~idered. 
Cross already predicted that m has a fixed value of -l. There~ore, 
it seems t~at in equation (6.31a) the variable parameters nco, ~, and 
I 
m' are not empirical 'hut may be calculated from known properties of 
the suspen~ions thus leaving a detailed ,consideration of the re;maining 
two parameters, A and a', which a~B the ,rate constants of rupture and 
re-formation of structure in the cpncen~rated suspension. This' in 
, 
essence is similar to the two vari'ables in the equation for dilute 
, 
suspensions where kinetic terms are easily worked out by assumirg a 
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doublet. 
Fig (6.8) to fig (6.10) show the predicted flow curves as .~ 
continuous solid lines and the experimental data as points. The 
agreement between the prediction and the data are good. The predicted 
'-
flow.equations for the three suspensions, 3, 4 and 5, are summarised 
,,' . 
in Table (6.3). 
Table !6.3) 
Sample nco A 
, 
-In m' a 
3 0.28 207 0.0040 0.8 1.16 
4 0.33 257 0.0044 0.8 1.18 
/ 
I 
. 
5· 0.39 425 0.0084 0.7 1.10 
-
- ..... ~ ....... 
If the value of m' obtained here is not true for other types 
of suspensions, then, the total number of variables that have to be 
computed are three, namely, m', a' and A. a' and A can be calculated 
from kinetic considerations, but at· this stage, kinetic models for 
concentrated suspensiQns are not known ye~. ~'has to be obtained 
from steady-state shear data. 
(a.5) Yield Stress 
Many dispersions exhibit a finite yield stress. Possible 
reasons for this have been discussed briefly in section (a.3) of this 
chapter. There is no doubt that the yield stress plays an important 
- '. 
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~ole in certain industrial problems and is a convenient concept to 
usa in dsscribing the rheological prop~rties of disperse systems, 
though some doubt remains concerning its real exiStBnce. Here, 
we consider two types of yield stresses obtained from two different _." •. 
kinds of .exj:leriments, namely, the steady shear flow curve and from 
dynamic testing. To differentiate one from the other, we called 
the former the yield stress and the latter·the dynamic yield stress. 
(i) Steady Shear Rate 
Casson(89) presented the following equation to describe 
steady flow behaviour and to determine the yield ,stress of disperse 
systems: 
T~ = k . k· ~ o + 1Y ••• ••• (6.32a) 
where T and Yare respectively'the shear stress and rate'of shear, and 
ko and k1 are constants. This equation can be used for dispersed 
systems with newtonian liquids as the dispersion media. ror such 
a system, a plot Of.Tt against yt gives a stx:aight line, but this is 
not so for systems with non-newtonian continuous media. 
, (90) 
Matsumoto et al modified the Casson's equation for this 
situation and proposed 
. 1 
••• ••• (6.33a) 
where no and na are, respectively, the zero 8hear.~rate and apparent· 
. >. 
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viscosities of the medium. This equation was found by Matsumoto to 
fit. experimental data they obtained for the system of aluminium hydrox-
ide suspended in polyacrylamide. Although equation (6.33a) is more 
general than equation (6.32a), it can be seen that in equation (6.33a) 
,the modification only changes the slope of the line but not the inter-
cept. The square of the intercept LO is the yield value as defined 
by the Casson's equation. The Casson's yield stress, which is defined 
at y= 0, is similar to the Bingham yield stress which is also defined 
at y mO but only applies to systsms obeying the relationship 
••• ••• (6.34a) 
(ii) Oscillation Shsar 
fig (6.13) shows a typical stress curve obtained from one of 
the concentrated suspensions used in this study when subjected to 
a sinusoidal strain. The skewed stress curves were obtained at low 
frequencies and at comparatively large strains. The shape of these 
stress curves is almost rectangular. It is reasonable to postulate 
that such a sudden change in stress with time (which is related to 
strain by y = yosinwe) is due to structural changes in the semi-solid 
suspension, although it is not possible to dsscribe these structural 
changes in detail. The mechanical strength of this structure may be 
conveniently termed 'dynamic yield stress' to distinguish it from 
the yield stress obtained from the steady shear rate flow curve. The 
dynamic yield stress was determined by measuring the height, of, the 
plateau in the sinusoidal stress curve. As these curves do not exhibit 
a completely flat plateau, the beginning edge being curved, not a 
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sharp discontinuity, and the plateau being slightly convex due to the 
contribution by the viscous component ~f the stress at increasing 
strain rate, this technique for determining yield stress has some 
_ ...... 
degree .of inherent errors, but this is probably not significant. Thia- .. , .... 
dynamic yield stress gives an indication of the "stiffness" of the 
suspension. 
Let us consider the stress curve for a system whose flow curve 
can be expressed by the Cas son equation when subjected to sinusoidal 
strain. 
••• • •• (6.32a) 
I 
f 
where ko and k1 are constants, and y is the shear rate. Hence, 
••• ••• (6.35a) 
When a sinusoidal strain y = yo sin·we is applied, '[ becomes 
••• ••• (6.36a) 
T in equation (6.36a) is shown as a function of time in Fig (6.11). 
Thisstres~ curve resembles those obser~ed in the experimental curves 
of Fig (6.13), although these qre not always as symmetrical'as Casson's 
model predicts. 
.. 
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On the other h~nd, when a steady shear rate is superimposed 
on ,a sinusoidal shear strain, the stress curves show different shapes 
depending upon the magnitude of the superimposed shear rate as shown 
in fig. (6.12). As is evident from this diagram, the stress curves 
become asymmetrical as the superimposed shear rate is increased. Now, 
consider a flow curve having a yield stress as shown in fig (6.12a), 
_ .. 
'''-'. 
where the superimposed shear rate is zero,·the total shear rate varies 
within the range A indicated in fig (6.12b). But when a small conti-
nuous shear rate is superimposed on the sinusoidal shear strain, the 
range moves to the right, and the shear rate oscillates within the 
range B. When a large shear rate is superimposed, the total shear rate 
oscillates within the range e, where the shear rate no longer takes 
negative values. for these three cases, the stress gives the curves 
shown in fig (6.12c) and fig (6.12d). These curves are very similar 
to experimental ones obtained and shown in figs (6.14) and (6.15). 
It is reasonable to assume the skew of the stress curves due 
to sinusoidal strain are attributable to a "dynamic yield stress". 
(i:11) Results 
The yieald stresses obtained from oscillating shear are found 
to shear-harden linearly,. i.e. the yield stress increases linearly 
with the strain as shown in fig (6.17). 
= To + ay ••• ••• (6.37a) 
where To is the·yield stress at zero strain. It was also found that 
. \ 
l 
" 
-
... 
, 
Table {6.4) Table {6.5) 
Sample ~ LO a Sample ~ Ly 
3 0.5037 3.5 16 1 0.2696 0.98 
4 0.5254 5.5 18 2 0.4245 54.4 
-5 0.5453 10 46 3 0.5037 180.6 
-
.. 
-
6 0.5959 19 230 4 0.5254 229.5 
5 0.5453 340.1 
\ 
{ 
'. 1 
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the yield stress was frequency independent. The summary of the data 
is shown in Table (6.4). The yield stress obtained using Cassons's 
equation is shown in Table (6.5). 
Williams(91) has shown that non-cohesive powders obey a similar 
type of failure equation 
1 ~ = k - m log Ty ••• ••• (6.38a) 
Powders too behave as plastic materials, the s.imples·t model 
being that of the Coulomb solid which is characterised by a yield 
stress and a shear rate independent angle of internal friction. A 
.plot of yield stress versus reciprocal of volume fraction for the 
materials examined here also yields a straight line. fig (6.16). 
However, it would be unwise to take this analogy too far because the 
pastes are assumed to fail with constant strain throughout the sample 
whereas non-cohesive powde'rs are known to fail - Br:idgWatsr(92 1. Akers et 
al(93) and Todd(94) - in a failure zone approximately 10 particles in 
depth. 
(iv) Theoretical Predictions of Yield stress 
It must be emphasized that the theoretical approach cannot 
take into account the actual-structure of the particle array and 
particle shape but is based upon an idealised model. The theory 
permits only an estimate of the order of magnitude of the actual 
strength. At the same time, however, it permits one to compare the 
microscopic properties of the suspension with the macrorheology. 
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The mathematical treatment is arrived at finding a me en 
the.oretical yield strength. The assumptions we have to make to 
simplify the problem are 
a. that the number of bonds or links in one material is 
". 
very large; 
b. that the bonds are statistically distributed; and 
,. 
c. that the particles are spherical and homogeneous. 
. (95) Using these assumptions for a bed of granular particles, Rumpf 
obtained 
••• ••• (6.39a) 
where d is the diameter of the particles and H is the distance of 
. 
separation and E the depth of the energy minimum between the particles. 
If the yield stress behaviour of a bed of particles is consi-
dered as analogous to that of a suspension of particles in an inviscid 
fluid, then, it would be reasonable to apply Rumpfs model to the 
calculation of yield properties of pastes at zero strain rate. 
We found this ~quation (6.39a) gives very good predictions 
for high volume fractions but the agreement became less good as the 
solid fraction was decreased. The equation of Rumpf makes use of 
_ ii 
the approximation that the mean coordination number n:-. This 
e· 
approximation gives accurate prediction of n for c10se-packed arraye 
such as hexagonal and cubical c10~e packings, but almost certainly 
over-estimates n for greater values of e, i.e. more dilute suspensions. 
Hence, equation (6.39a) would predict higher values of ~y than exist. 
I 
.. 
Table (6.6) 
Experimental Yield Stress 
Sample Volume· Fraction 
~. Casson's Oscillation 
1 0.2696 . .. 0.98 -
2 0 .. 4245 . 54.4 -
... 
3 0.5037 180.6 3.5 
4 0.5254 229.5 5.5 
. 
. 
5 0.5453 340.1 10 
-
6 0.(5959 - 19 
t" • 
, ' 
Prediction 
Hunter/Nicol 
0.94 
2.33 
3.28 
. 
3.57 
3.84 
4.59 
... 
." 
Rumpf 
4.4 
8.8 
12.1 
13.2 
14.1 
.. 
17.6 
.. 
.... 
W 
N 
.... _------=-====--=-=-_._;;;;,;-=-..;;;----. .. ......................... _----------------------------------------------
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Table (6.6) demonstrates this increasing discrepancy with increasing 
solids volume fractions. 
A maximum in the net energy/separation curve between two 
particles corresponds to the existence of a repulsive force between 
them, If at a distance of closer approach than the maximum there 
is a minimum, particles may enter this minimum if some passes thermal 
energy in excess of the height of the maximum. In this situation, an 
equilibrium number of particle: pair bonds would exist, an equal number 
crossing the maximum in both directions. This would in a degree of 
elastic behaviour in the specimen. In the presence of a velocity 
gradient, particles might have' sufficient energy to~oss greater 
energy barriers, thus leading to an increase in the proportion of -.• ,'-. _', 
,I .~ ... : 
. 
those particles in the energy minimum and hence a change in the 
position of equilibrium. Fur~llermore, if the shear were then stopped 
' .. ; 
it would take some time for the particles to escape from the minimum, 
as only a finite proportion of· them would possess sufficient energy, 
as given by the Maxwe11-Bo1tzmann distribution, to surmount the 
energy barrier. Thus, it would take some time for equilibrium to ba 
re~tored. This is a possible explanation of rheopexy. 
In the present study, the height of the energy maximum is of 
the order of thousands of kT (section e of chapter 5), and such a 
mechanism is not likely. The elasticity observed, as discussed earlier, 
is due either to the particles being stabilised in the calculated 
secondary minimum or by mutual repulsion. 
The difference observed between ~ and ~eff' as calculated from 
' .. 
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the Mooney equation (section a.2 of this chapter) is evidence that 
in the present system particle aggregation exists and that secondary 
minimum flocculation exists. 
By assuming the existence of doublets in dilute suspensions, 
Hunter and Nicol(81) obtained an equation which may be developed to 
T = 
B 2 2H 
'11' a 
••• ••• (6.40a) 
. 
where E is the depth of the energy minimum, ~ the volume fraction 
and a the particle radius. In their original equation, Hunter and 
Nicol considered only the van der Waals attraction term and assumed 
the first order Hamaker approximation for the interaction energy, 
whereas the above equation uses the calculated value of E but assumes, 
as did Hunter and Nicol, that the inte~action curve ~ parabolic 
adjacent to the minimum. 'The calculated yield stresses using this"·1 ,'., ~.<_. 
equation agree, see Table (6.6)', well at low ~ but not at all at 
large~. 
From the figures presented in Table (6~6), it is apparent that 
values of yield stress. calculated by the theories of Rumpf and Hunter 
and Nicol are in much closer agreement to those obtained from oscilla-
ting shear rather than those extrapolated from steady shear behaviour 
using Casson's equation, although the steady shear stress strain rate 
data did fit the linear relationship proposed by Casson. 
Any explana~ion of the discrepancy between Ty as measured from 
extrapolated steady shear measurements or oscillatory measurements 
'.' 
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must be speculative. The considerable discrepancy between the steady 
shear values and the theoretical predictions of both the Rumpf and 
Hunter and Nicol models and the oscillatory values must be due to 
either, 
(a) an inherent difference between the yield properties of 
the material when measured by steady and oscillatory shear; 
or (b) a curvature of the Casson plot 'as i ~ o. " 
Yield stress is a manifestation of a relaxation phenomenon; if 
the disturbance is too rapid the material will not have time to recover 
to its original state and its properties will be observed to change. 
Apparently, newtonian fluids, e.g. water, can be observed to exhibit 
relaxation times of the order of 10-13 sec, a time corresponding to 
that of a molecular vibration, and if excited at frequencies corres-
ponding to that which would exhibit properties analogous with visco-
elasticity, i.e. changes in their complex moduli. Conversely, elastic 
materials such as steel lose their rigidity and flow as apparently 
as newtonian liquids when stresses are propagated through them at 
yelocities above approximately the velocity of propagation of sound 
th h th (96) roug em • The sonic velocity of a medium is related to the 
ability of the consti~uent atoms to transmit the stress from one to 
another, a phenomenon associated with their relaxation time. : A loss 
in rigidity similar to that observed in elastic metals may also be 
produced in potting clays(9?). 
A more detailed discussion of the relaxation properties of 
the suspensions examined in this study-is given in,section (b.?) of 
this chapter where it is shown that at eimilar relaxation "times the 
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the relaxation functionH{t) is similar when calculated from steady 
shear and. oscillatory experiments. Hence, it is reasonable to 
conclude that there is no marked chenge in properties of the materials 
between steady and oscillatory shear and that hypothesis (a) is not 
.' 
. valid. Consequently, it must be inferred that the Cas son extrapola-
tion of '[ t versus y t -+- y. = 0 does not give a meaningful estimate 
of the yield stress. 
(a.6) Transition from Shear Thinning to Shear Thickening 
Of the suspensions tested, those with volume fractions 0.5037, 
• 0.5254 and 0.5454 show a transition in the '[ versus y curve over the 
range of Y used. This behaviour was not found with the more dilute 
suspensions •. This discontinuity was a change from shear thinning to 
shear thickening behaviour with increasingY. See Figs {6.e to (6.10). 
It is possible that the more dilute suspensions would show similar 
behaviour had sufficiently high values of y been available. It must 
be possible to explain this change in behaviour in terms of the micro-
scopic properties of the stabilised suspensions of calcium carbonate. 
The only forces that can be considered as contributing to the rheolo-
gical behaviour of th~ suspensions are those due to the effects of 
applied shear stress and strain which are hydrodynamic in nature and 
the forces of interaction between the particles. Of these latter, 
only van der Waals attraction and electrical double layer repulsion 
forces are considered although others may exist but are not at present 
amenable to quantitative prediction. Also, it must be remembered that 
the electrical double layer repulsion is considerable in this system 
and likely to mask effects due to adsorbed layers, as indeed calcula-
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tions of the Vold effect (section e of chapter 5) show that it only 
contributes 2kT to the depth of the secondary minimum. This analysis 
also disregards other forces such as gravity and interparticle hydro-
. (98) dynamic interactions of the type considered by ~pielman • 
Ho;~mann(99) ~as postulated that th~ observed transition from 
shear thinning to·:shear thickening may be caused by flow instability_ 
between adjacent layers of spherical particles packed in a hexagonal 
array. The analysis, which was restricted to low shear rates, i.e. 
laminar flow, considered the conditions leading to a disruption of 
this ordered array. As the velocity of one layer of particles increases 
relative to another, the shear stress transmitted through the inter-
stitial fluid'across the layers increases. At some critical value, 
it was postulated that this shear force became sufficient to exert a 
couple strong enough to overcome the forces giving rise to the o~dered 
array such that groups of particles from the array break away into 
eddies and induce local flow instabilities. It is this disordered 
flow that gives rise to rheological dilatancy. In experiments with 
monodisperse latices, Hoffmann observed optical changes at shear rates 
corresponding to the ~heological transition, these optical changes 
being attributed to break down of order on the particle arrays. 
One set of conditions for the onset of this instability is that 
the sum of the force and kinetic energy on the doublet are zero. The 
stress couple tends to turn the doublet about its center of mass and 
thus out of its plane. Hoffmann considered that the van der Waals 
attraction forces contributed towards this instability, but the elec-
" 
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Fig (6.18) Model doublet sandwiched between 
flat planes. P is 'the centre of mass of 
the model doublet. 
tric'double layer repulsion forces, counteract's it arid-tend to hold the 
doublets midway between the surrounding layers of spheres. See Fig 
(6.18). for the meaning of the symbols used below. 
••• • •• (6.41a) 
or ••• • •• (6.42a) 
The predicted and experimental values are shown in Table (6.7). 
The predicted values are roughly 1~ times lower than the actual values. 
This discrepancy may ,be due to 
146 
Table !6.7) 
, 
Sample T T 
EXPERIMENTAL PREDICTED 
• 3 2160 120 
·4 2600 150 
·5 4800 190 
(a) an oversimplification in the theory, e.g. assumptiorn that 
rotating entities are doublets, that particle/ 
particle forces do not exist between all particles in the 
system, that "crowding effects" did not exist; and 
(b) that the model only applies .to ordered arrays of monodis-
perse spherical particles, althou~h in his experiments/ 
with 'such systems, Hoffmann found discrepancies of a 
similar magnitude. 
The difference between theory and experiment becomes' greater . 
with increasing volume fraction which also is found with the prediction 
of steady flow viscosity using only'doublets as flow aggregates. 
An alternative approach to explaining this behaviour transition 
is in terms of the kinetic collision/rupture model discussed previously 
in section (a.4) of this chapter but this model although capaPle of 
giving very good fits to the experimental data contains two variable 
parameters that are not yet capable of a priori calculation. 
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(b.1) Stress Response Wave 
By harmonic analysis of the stress wave resulting from sinusoidal 
strain using the technique in section (b) of chapter 3, the stress 
amplitude of the fundamental and harmonics were evaluated for the 
suspensions described. As an example of the data oDEained, Fig (6.19) 
shows the logarithm of stress amplitude versus frequency at fixed ~'", __ _ 
amplitude for suspension 3. These analyses are made for all experi-
mentally amenable suspension~. 
As shown in Fig (6.19) the fundamental was the greatest in 
amplitude, the amplitude decreasing with increasing order of harmonics. 
The even harmonics, i.e. second, fourth and sixth were virtually zero, 
being consistent with the theory(S7) in section (b) of chapter 3, which 
predicts that even harmonics are only exhibited by normal stress 
components. All harmonics above the seventh were so insignificant 
as to be indistinguishable from random noise. rig (6.20) is an 
example of the print out from the Hewlett Packard rourier Transform 
Computer showing the magnitudes of the harmonics in terms of their 
real and imaginary component. The apparatus is also capable of 
expressing the data a& amplitudes and phase angle. but for the purpose 
of this work the sine and cosine components were used. 
Although six suspensions were studied, the first two i.e. 
suspensions 1 and 2 were not capable of producing any good signals 
due to their viscosity too- low for oscillatory shear experiment. 
Table (6.8) shows the systems examined and the range of experi-
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m~ntal conditions. 
Table !6.a) 
Suspensions frequency Range (Hz) Range of Input Strain 
3 0.0125 
-
0.79 0.054 
-
0.61 
, 
4 0.0125 - 0.79 0.054 
-
0.61 
5 0.0125 
-
0.79 0.054 - 0.61 
(b.2) The Loss Modulus 
fig (6.21) to fig (6.26) show the frequency and amplitude 
" 11 dependent curyes of the viscoelastic function'G1 and G3 for the 
" 11 suspensions. G1 and G3 are strongly dependent on strain and both 
functions decrease with increasing strain. At high strain and 
11 
low ~ , G1 initially decreases ,with increasing frequency and,after 
passing through a minimum, it increases again. 11 At high ~ , G3 
first remains steady upto about 0.1 Hz and falls off very rapidly 
and the rate of fall is reduced by decreasing volume fraction, ~ • 
11 , 
In the low frequency region, G1 and G1 manifest a plateau 
. ". 
11 
whilst G for viscoelastic. polymer solutions would decrease very ............. 
rapidly, rtiughly proportional to the frequency with a slope of 
minus one on a logarithmic plot. This can be attributed to the 
fact that solid particles suspended in a liquid medium may ~nder 
certain conditions affect viscoelastic properties such as 9ynamic 
rigidity and viscosity as well as plastic viscosity strongly at 
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low frequency and or low shear rate. This suggests that there 
might exist some internal structuring of the dispersed particles 
due to particle-particle interactions, and that such a structure 
has much longer relaxation times than the longest relaxation 
time of individual particles in suspension. The height of the 
" .: plateau G1 and G1 versus frequency increases with increasing content 
of solid particles, the tendency of viscoelastic functions to show 
plateaus at low frequencies has been obser~ed by Hoffman et al(100) 
for a variety of dispersed systems. It is of interest to correlate 
the yield values with the height of the plateaus since yieid values 
may be considered to result from the particle-particle interactions. 
These results are successfully shown by this"interactionship. As 
I 11 
mentioned above, G1 and G1 show plateaus at low frequencies, which" 
appear to be related to the yield stress observed either from steady 
shear or oscillatory measurements. In rig- (6.27), logarithmic plote 
I 11 
of the plateaus of G1 and G1 in the low frequency region and volume 
fraction are shown. for comparison, the yield stress of the same 
disperse systems obtained from steady shear and oscillatory experi-
ments are also shown in this diagram. The logarithmic plots of the __ 
I " plateaus of G1 and G1 are straight lines with a slope of 9. The 
plot of the yield str~sses are also straight lines with a slope 
of 9, although the two lines do not coincide with one another; 
but the fact that they both have the same gradient indicates 
that the parameters are related to one another and are due to certain 
relaxation mechanisms having very long relaxation times, for example, 
relaxation in a three-dimensional network structure formed by solid 
particles. 
/ 
............ ~ . 
...... 
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As for the physical interpretation of strain dependence of 
I " tha non-linear parameters G1 and G1, we have to consider the fo1low-
ing treatment. 
Consider the stress T as a function of strain,y , and strain 
rate,y, and related by simple additive law. The shear stress T12(a) 
,. 
includes not only the fundamental component but also the odd harmonics 
but does not include the even harmonics. This was found experiment-
ally. Hence, 
T = T1 (y) + T2 (Y) ••• • •• 
(6.1b) -
where T1 (y) A1y B1y 
3 c1y 
5 (6.2b) 
= + + + ••• • •• • •• 
T2 (Y) 
. 
• 3 '5 and = A2Y + B2y + c 2y (6.3b) ••• ••• 
where y is given as yosin(wS) •. Equations (6.2b) and (6.3b) lead to 
••• ••• (6.4b) 
This equation can be transformed as follows 
T1(y) = A1Yo Sin we 
+ B1Y03 ns Sin we - ~ Sin 3we) " 
5 
. + ClYo (~Sin we - 5/16 Sin 3w6 
+ 1/16 Sin 5w6}0+ ••• 
• •• (6.5b) ••• 
f , 
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••• ••• (6.6b) 
Similarly, equation (6.3b) gives 
••• ••• (6.7b) 
Combining equation (6.6b) and equation (6.7b), and comparing with 
equation {3.37b),the viscoelastic functions can be expressed as 
follows 
, 2 4 G1 = A1 + 3B,lYo/4 +,10C 1Yo /16 + ••• 
, 
"B1 
5 ., G3 = + 5C1Yo /16 + ••• 
" \B 2W 
3 2 5 4 G1 = A2W + Yo + 10C 2w Yo/16 + ••• 
" "B 2W 
3 5 2 (6.Bb) and G3 = + 5C 2w Yo/16 + ••• ••• • •• 
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I I When Yo is small, G1 and G3 can be approximated by the coeffi-
,cient A1 .and 81 respectively. 
11 11 Similarly, G1 and G3 can be represented 
by A2 and 82 in equation (6.8b). -.I- It In other words, G1 and G1 are the 
functions defining the linear part of l' 1 and l' 2 in equation· (6.1 b') , .• , ~ ... , .... 
I 11 
whilet G3 and G3 are the functions defining the non-linear part of 
the stresses. 
The suspensions examined behave non-linearly even when strain 
was only a few per cent. Due to practical limitations on the rheogo-
niometer and the inherent properties of the suspensions, the only 
way to obtain data in the linear strain Y region is by extrapol~tion 
of the available G~ data. Papenhuizen(82) constructed a special 
viscometer capable of very small strain, which enabled him to examine 
. 
his systems into the linear regime. To confirm the need to go down 
to very low strains in order to achieve linearity two curves of 2~A 
and 1'3/1'1 where 1'3 and 1'1 are respectively the maximum stress associa-
ted with the third and first harmonic components presented in Fig (6.26). 
L and A are the width of the plateau and the wave length of the 
response curve respectively. Alternatively, the same prediction can 
be achieved by plotting 1'3/1'1. From the prediction, it is clear 
that 2~A or 1'3/1'1 ar~ equal to zero when strain Y is very small, 
very much iess than one per cent. The Weissenberg rheogoniometer is 
not capable of giving such a low strain, even if it can, the frequency 
used has to be very slow. 
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(b.3) The Storage Modulus 
t 
The behaviour of G1 with changes of volume fraction of suspen-
" sioni input strain and frequency is almost identical to G1• It 
t differs on one point, i.e. the behaviour of G1 first decreases to 
a plateau and after passing through a plateau increases again with 
" 
increasing frequency. This is observed for all the high strain 
experiments and for all volume fractions. For low values of strain, 
the fall to the plateau is not very marked. 
, 
G3, at low strains 
" at high valu'es of behaves in a very similar way to G3. However, 
strain and volume fractions, G~ first falls to a minimLlm and rises 
to a plateau with increasing frequency. This plateau is not observed 
" with G3 which falls again after rising from a minimum. This is no~ 
11 • t I 
observed for G3 at high volume fractions. The G1 and G3 versus 
frequencies are plotted on logarithmic scale with different levels 
of strain and are shown in Figs (6.29) to (6.34). 
If the assumption is correct that the skewed response signal 
is due to a yield phenomenon, then the most related oscillatory 
• parameter to this is G1. From equation (6.8b), if higher terms of 
t 
Yo are neglected, then, G1 is a quadratic function of Yo• A logarithmic 
t 
plot of G1 agains Yo shows a gradient of -2 confirming the predicted 
behaviour. See Fig (6.35). 
G' -2 (6.90.) .. =A+ 3Bl yo ••• • •• 1 
.... ~ .... -.. 
Extrapolating G1(Y) data on a linear plot of Fig (6.36) gives 
linear 
, 
Equation (6.9b) has G when Yo -+ O. an asymptote at Yo = 0, 
.. , 
164 
and thus an assumption has to be made that,- when Yo is less than 
5 x.10-3, a linear region is reached. This figure is obtained 
from Fig (6.28). The values of G' are tabulated in Table (6.9). 
a comparison was made with the predicted G' using the assumption 
of Rumpf(95) that a p~rticle in a volume fraction I has n/(l-l) 
contact points. 
••• • •• (6.10b) 
where H is the distance of the secondary minimum and E is 'the energy- _ .. 
at this minimum. 
Table (6.9) 
, 
Sample Volume Fraction G' G' G' 
obtainted from obtained from obtained from 
.~ .... -. 
I extrapolation equation (6.11b) equation (6.10b) 
Papenhuijzen Rumpf 
3 0.5037 510 1173 4177 
4 . 0.5~54 700 1224 4556 
5 0.5453 2450 1270 4936 
6 0.6000 7200 1388 6100 
We can conclude from this exercise that th~ predicted G' using 
the hard contact assumption as is the ,case of a dry powder taken by 
Rumpf in his derivation of n/(1 - I) can be used here to give some 
" idea of the magnitude of G1• The differ~nce between the predicted 
value of equation (6.10b) and the extrapolated value of G' decreased 
with increasing I giving good agreement at • = 0.6. Thus, it seems 
. " 
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that equation (6.10b) is good in predicting G' at high values of 
volume fraction. For dilute suspensions, this assumption breaks 
down and the need for another type of equation based on some assumed 
structural model is needed~ PapenhUijzen(82) has derived G'as 
G' 2<flE 
,,= 'ITH2R 
••• ••• (6.11b) 
, 
The agreement of G predicted by equation (6.11b) is much better than 
expected. 
, 
A general conclusion to be drawn from the dependence of G1(<fl) 
is that the degree of non-linearity is dependent on volume fraction 
<fl, the nonlinearity increasing with decreasing ~ for highly concentrated 
systems., The contribution of the viscosity of the continuous phase to 
non-linear behaviour, as manifested by G", are shown in Fig (6.5) 
,where the relative viscosity (n ) approaches that of non-interacting 
r 
sphere with increasing viscosi~y of the medium. 
From the expectation that Yo ~ 0 may be justified because at 
sufficiently low strain rupture of the network would not occur. It 
would however be expected that concentrated suspensions would still 
" " show,viscoelasticity, i.e. G > 0, perfect elasticity where G = 0, 
because for any finite strain there would be energy dissipation due 
to movement of the viscous continuous phase through a porous network. 
Hence, a limiting value of the loss tangent would be expected as a 
function of continuous phase viscosity. 
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(b.4) The Loss Tangent 
The loss tangent is dimension1ess and is a ratio of energy 
loss to energy stored per cycle, defined as 
-1 11 I 
<p. = tan (G./G.) 
~.o ~ ~ 
i=1,2,3, ••• 
<1>1 of the fundamental is quite independent of frequency but, 
for the third harmonic, it remains steady at about 500 to 600 up to 
0.5 Hz and then falls off very rapidly with increasing frequency. 
At low strain 
fraction with 
in fig (6.37). 
in fig (6.38) 
written as 
N 
<p = My 
.. 0 
there is some evidence of 
no definite trend of this 
The loss tangent of the 
and an empirical equation 
<P3 dependence on volume 
, 
dependence. This is shown 
fundamental is illustrated 
describing this data can be 
••• ••• (6.12b) 
where M and N are empirical coefficients. The phase angle was found 
to be strongly dependent on strain amplitude. The loss tangent of 
all the three samples.increased very rapidly to a steady value of 
about 81 0 aOnd the rate of 11ise decreased with increasing solids 
concentration. 0 
(b.5) The Dynamic Viscosity 
The dynamic viscosity is defined as 
••• ••• (6.13b) 
r 
90 
80 
70 
60 
50 
40 
30 
,.... 
C1I 
C1I 
20 ~ 
C1I 
'0 
~ 
10 tll 
tU 
H 
o ~ 
tU 
.s::: 
-10 p, 
-30 
{-40 
. -50 
-2 10 -1 10 
Fig e6.37) 
- (Hz) Frequency 0 
1. 
................. ------------------------------------------
90'~--------------------------------_.------------------------------~--T_------------------------------__ -, 
Fig (6.38) 
-. 
CIl 
CIl 
H 
0> 
CIl 
'0 
0> (1) 
III 
Sample No 3 
...:I 
CIl (2) Sample No 4 
en 
III 
.t: ( 3) p.. Sample No 5 
Input Amplitude (micron) 
10 10 10 
........ _. 
. -. 
177 
104~ ________________________ ,-________________________ ~ 
Fig(6.39). 
Sample No 3 
l03+-----------~~----------;-------------------------~ 
, 
n1 lo2+---------~~~----~~~d_~~~----------~------~ 
(poise) 
178 
104~------------------------~------------------------~ 
Fig (6.40) 
Sample No 4 
, 
n1 
10~----------~~--------~~------~--~ca--~~~--~ 
(poise) 
10 
Strain 
*" 
0.044 
X 0.088 ; I 
~ I 
+ 0.131 ii ;1 
0 0.350 ! I 0 0.438 ! I 
\ 
(9 0.525 ! 
1.0 
10 10-1 1.0 
Frequency (Hz) 
'. 
, 
Tll 
(poise) 
105 
10 
10 -2 
10 
Fig (6.41) 
Sample No 5 
Frequency (Hz) 
............. 
179 . 
Strain 
* 
0.044 
)(. 0.088 
..- 0.131 
G) 0.263 
() 0.350 
Gl 0.613 
1.0 
180 
, 
n1 is strongly'dependent on and decreases with increasing applied 
strain, but this dependence falls off slightly with increasing solid 
, 
concentration. With increasing frequency, n1 falls monotonically as 
shown in fig (6.39) to fig (6.41) with the gradient of -1. As obvious 
11 , 
from equation (6.13b) in regions where G1 is flat, n1 is inversely 
11 . , 
proportional to frequency; whereas when G1 rises steeply, n1 may 
, 
flat tern out. This plateau in n1 is observed for all samples at .'--
" 
high strain amplitude and frequency. 
, 
As for the correlation between nand n1 and its sigriificance 
see the section (b.?) of this chapter where relaxation spectra is 
discussed. 
(b.6) Energy Dissipation, W 
When materials are set in vibration, some of the applied 
energy is always converted into heat; the various mechanisms by 
which these losses take place being thermal energy dissipation, 
damping, internal friction, etc. The quantitative expression used 
to describe this phenomenon is 
••• ••• (6.14b) 
where '12 is stress and y is the strain given by y = yosin we. Initially, 
it is important to clarify one point; in a typical boundary value 
problem, energy is lost or disspiated as a result of two causes -
geometric and material. The former is concerned with energy which 
propagates away from an energy source, such as a cone-and-plate configu-
w -3 (erg cm ) 
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ration, and does not return. This energy lost is sometimes expressed 
as a damping factor. The second type of energy loss is that due to 
damping of materials, or the nature of the material itself. All of 
the subsequent discussion regarding energy dissipation of the suspen-
sions examined will be concerned with material damping only. 
Mathematically, W is only given by the fundamental component 
of the oscillatory s~ress if the stress wave is composed only of the 
fundamental and odd harmonics, these being mutually orthogonal trigo-
nometric functions. This means that the area of the observed skewed 
Lissajous' figure due to the non-linear behaviour is equivalent to 
the Lissajous' figure given only by the fundamental. 
The dissipated energy W varied with strain to the power of 
1.3 and also increased.with increasing solid content of the suspen-
sion. See fig (6.42). At low frequencies and input strains, W is 
independent of frequency but becomes directly proportional to frequency 
at high frequencies. 
(b.?) Relaxation Spectra 
In a viscoelastic material,· the storage of mechanical energy 
is accompanied by energy dissipation. The response of such a material 
to a mechanical stimUlus is therefore time-dependent. Other factors 
being equal, the particular form of the time-dependence is dictated 
by the manner in which time is specified in the excitation. Thus, 
the response will be different according to whether the excitation is 
applied in the form of an impulse, a step, a constant rate, in the 
183 
sinusoidal steady.-state, or in some other way. 
Because any kind of physical stimulus necessarily implies some 
form of time function, all experimentally obtained responses carry 
the signature of the time function which produced them. The signifi-
cance of the spectra of responses, the relaxation spectrum H(t), lies 
in the fact that they are those material response:functions which are 
independent of the particular form in which time enters the excitation. 
By definition, they are not accessible experimentally. Mathematically, 
the experimental response functions may be expressed in terms of the 
spectra as fredholm integral equations. 
Cote et al(101) derived an equation for H(t) based on the 
suggestion of Graessley(102) as follows 
n (r) = foo H(t).h(S).g(S)3/2 dt 
o 
where n(Y) is the steady flow viscosity, H(t) is the relaxation spectrum 
at the relaxation time t and a = Yt/2. The functions h(S) and g(S) 
are 
••• (6.16b) 
••• (6.17b) 
In the absence of simple analytical expressions available for 
2/3 
h(S).g(S) , we have to use approximations to this function. The 
first order approximation to h(S).g(s)2/3 is the step function at S = 1 
184 
f • 
and the second order approximation is a wedge function, 1 - a /2. 
From the 1st Order approximation, we have 
H(t) It = l ={_ y2 dll } 
Y 2 dy ••• 
••• (6.18b) 
" 
and from the 2nd Order approximation, we have 
I 3 2 H (t) t = ! ~{_ L d 11 } 
i 4 dy2 
, .. • •• (6.19b) 
On the other hand, the relaxation spectra based on loss 
modulus G"(w) data was given by Tschoegl(103) as, 
. ' 
••• ••• (6.20b) 
If we re-arranged equation (6.18b) as 
I L ( .dT) H(t) t 2 = 4 T-Ydy 
= f. ••• ••• (6.21b) 
we can see the similarity of H(t) obtained from either steady or 
oscillatory shear exp~riment. Thus, within the error of the 1st Order 
approxima~ion in equation (6.20b) and (6.21b), the following transforma-
tions are then valid. The good agreement between these transformations 
can be seen in Fig (6.45) to Fig (6.47). 
11 4 
G ++ - T 
'IT 
13. 
W ++ - Y 2 ••• • •• (6.22b) 
Polynomial fitting and differentiation were required to 
evaluate H(t) from n(~) and G"(w) data. 
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Figs (6.43) to (6.44) show the 1st Order approximation compared 
with the 2nd Order approximation for the three samples of suspensions. 
The agreement is remarkable. The H(t) obtained from the loss modulus 
data, G;, considering the fundamental only~ is also in good agreement 
with the steady state data. The discrepancy between H(t) steady and 
H(t) oscillating increases with increasing solid content. This is 
quite acceptable as the effect of steady shear on structure is more 
severe than that of oscillatory shear and more structure is evident, 
with increasing volume fractions. The change over from shear thinning 
to thickening appears as a dip in the H(t) curve. The slope of H(t) 
curve in the thickenning region is -t and this almost coincides with 
the theory of Rouse et al(108) which predicts that the lower end of 
relaxation time region has a slope of -t. 
For the nearly semisolid suspension examined, H(t)·attains 
quite low values at long times but gives no evidence of approaching 
zero, this behaviou~ is normally associated with the persistence of 
a small negative slop~ in stress relaxation, indicating that some 
degree of relaxation contin.ues apparently indefinitely. At very 
short times, .if the mechanical behaviour approaches perfect elasticity, 
H(t) should also vanish but for reasons explained earlier in section 
(b.3) of this chapter, this region was not available experimentally. 
This demonstrates the ability of these two different techniques 
to characterise the material in terms of the parameters G~ and T. This 
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technique is also one way of predicting stress behaviour at very low 
shear rates when steady shear experiments become impracticable to 
perform. 
" . . Since G1 ~s the product of the dynamic viscosity n1 and the 
frequencyw, then a third transformation is 
nit = = (2h)n' 1T 1 ••• ••• (6.23b) 
Relations similar to the above have been observed in models of visco-
elastic fluids proposed by Spriggs et al(104) and also observed experi-
mentally(105). There is a conflict in reports regarding the constant 
c in the transformation w ++ cY. These experiments show that curves 
• t , 
of n versus Y and n1 versus w superimpose quite well for all three 
suspensions examined, with c being equal to unity. See figs (6~48) to 
(6.50). This observation agrees with that of Bueche(106) as well as 
with that of Takemura(107). " 
These models can be criticised on the basis that dynamic and 
steady shear should behave differently in the power-law region; since 
the particle aggregation is disr'upted at high shear rates while at 
high frequencies, it is not. This objection is quite valid but in 
spite of this these experiments good superimposition of steady shear 
variables with equivalent oscillatory parameters occurs. 
A significant difference between oscillatory and steady shear 
relaxation behaviour could occur in the presence of a long period 
characteristic relaxation time if the state associated with that time 
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was only achieved as f + 00 - This is tantamount to a description of 
thixotropy. 
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Conclusions 
Based on this investigation of the rheological behaviour of 
chalk suspensions subjected to dynamic and steady shear, the follow-
ing general remarks can be advanced. 
1. Concentrated calcium carbonate suspensions stabilised by 
Dispex N40 are shear thinning and can exhibit a region of shear thick-
ening on a flow curve if the shear rate is taken high enough. The 
indications are that in this region classical dilatancy oc~urs between 
bodies made up of groups of particles which probably immobilize part 
of the continuous phase within the group or aggregate. It can be 
concluded that dilatancy results from a progressive increase in 
agglomeration due to shear. This concept is also consistent with 
the finding that the extent of dilatancy increases with increasing 
particle concentration. An increase in particle concentration is -.... 
believed to increase the frequency of interparticle collisions during 
flow with the result that a given level of agglomeration is attained 
at a lower rate of shear. 
2. The stress-strain response of such chalk suspensions appear 
to· be non-linear, even for very small values of strain. The non-
. t" 
linear functions G1 and G1 correspond respectively to the storage 
I 11 
modulus G and loss modulus G for ordinary lin~ar viscoelastic 
materials. 
" 
I It is evident from the experiments that the curves of G1 
and G1 for the suspensions considered are quite different from those 
of G' and G" for polymer solutions or melts tested at low frequencies. 
I " 2 Gand G for polymer solutions and melts decrease with wand w 
... ......... -. 
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respectively with decreasing frequencies, whilst the 'frequency depend-
ence of the non-linear moduli exhibit a plateau (r~latively constant 
moduli) at low frequencies. 
3. An approximation is derived based on a model' function developed 
by Shida et al(101) which relates non-linear steady state viscosity 
with relaxation spectra. Good agreement with spectra obtained from 
". . the non-linear viscoelastic function, G1' 1S obta1ned for these calcium 
carbonate suspensions. Comparison of this expression with an analogous 
relation developed by Tschoegl(103) leads to a transformation between 
t " steady state viscosity and dynamic viscosity, n1 = G1/w. The agreement 
. is very good. 
4. The results presented suggest that a simple and satisfying 
picture of at least some macroproperties of'the flow behaviour of 
stabilised chalk suspension can be obtained by considering the micro-
properties such as attraction ene~gy, repulsion energy, absorbed layer 
thickness volume fraction. The success of applying this kind of 
correlation can be seen in the accuracy of predicting flow curves 
for dilute suspensi~ns, yield values and shear thinning/shear thicken-
ing transitions. 
./ 
5. At sufficiently high solids content, a suspension may exhibit 
some properties of packed particle beds. The material properties 
associated with the solid-like behaviour of the suspensions moves 
towards the'linear region characteristic of solids at low strain. 
6. Some of the empirical equations used in rheology such as the 
- .... _0.'-
....... 
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power law equation may have a theoretical justification by considering 
dimensional analysis. In chapter 2, it was shown that the variables 
that might be expected to ~ffect the viscosity of a suspension are 
no = viscosity of suspending liquid, r(E) = characteristic distance 
between particles, Y = shear rate, c = concentration of solid phase 
and E = interpartic1e energy. Applying dimensional analysis to group 
these variables in dimensionless group and we obtained for k in 
or = kyn as 
Hence, the relationship between the macro and micro properties 
of a suspension, as rand E are function functions of surface proper-
ties of each individual particle i.n the suspension, whilst no and c 
are constant for a given suspension. 
Finally, it can be conc~uded that the rheological behaviour 
of chalk suspensions cannot be described satisfactorily with~uations 
of state that were proposed to describe linear viscoelastic materials. 
The results obtained· suggest that these suspensions behave as plastic 
materials, in which yielding, dilatancy and shear thinning occur. 
With the particular materials examined it is probable that,these 
properties derive in part from a weak secondary minimum coagulation 
of the part'icles. 
... ....... 
! 
I 
I 
I 
f 
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Suggestions for Further Work 
I. That similar investigation be made using systems which are 
better defined from the colloidal point of view, e.g. mono-
disperse latex suspensions in order to see if the behaviour 
observed with the present system is more general and to permit 
a more detailed characterisation of the system microproperties. 
2. That work be continued on predictive models to calculate the 
complex moduli of concentrated dispersions, attempting to refine 
the models by using more realistic representations of the system 
microstructure and eliminate some of the assumptions made. 
I 3. To attempt to relate the arbitrary parameters A & a for kinetic 
models of flow behaviour to real physical properties of the system. 
4 •. That further studies on th~ properties of disperse systems take 
care to relate ~ore closely the type of measurement made to the 
relaxation behaviour of the materials. 
5. That attention be given to more study of the transition shear 
thinning-shear thickening, using approaches such as that of 
Hoffman, in an attempt to understand the nature of shear thicken-
ing. 
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Appendix 1 
Sinusoidal excitation is given by 
cr(g) =- 0;, 5\1"1 (W~) 
Recalling Equation (3.24b) 
. 00 
j, (tU,) =,LoO J, (5,) e)<p i-.Lw, 5,) d SI 
= 1: J, (S') (Cosw, SI -1. Sin WI5"J d ~I 
But from Equation (3.25b) 
- - I • - 11 • J" \WI ,w2 .·.Wi'\) = I n (W I )W2 ••• w,,,) -.l. J"'(WIJ W'2, •.. w,,) 
. . -],1 ~. J: J,(S)CO$(~, SI) dS, 
J I
/
' -= JoO J, ['S) s;~(w\ s l)dS, 
-~ . 
The first term of Equation (3.21b) is 
j 0- (6- ~.)], ( s,1)d SI 
er (e - S,) =- 0;, S;n 'W,( (J - sJ 
:: 0;,(5;0 W, e COS W, SI - c.osw,9 Sin tu, S,) ..... "" .... 
.. 
. . J (0; S,:.-,~, 9.C:&S W, 5, - 0;, Cos LV, e S;)"I w, SI') J I (51) d ~I 
The second term of Equation (3.21b) is 
oc:) J 1 er (f) - 5,) lr (e - s~) J:l C ~ I) ~:J d. ~ I d s ~ ••• (1) 
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er(s - SI) = Ua l Sin w,S Cos w, ~,- ~S w, Et Si.., LV, 5,) ... (2) 
cr(e~ S) = CTo( Si(\w,S.C.O$w,51 - CDSw,SSinw , ~~) ••• (3) 
Sub. Equations (2 and 3) into (1) gives 
00 
'--
)1 o-o2.(S·ln2.tA.:) ,Et Coswj 5, Co.$ t.U1 S.2,. - Cos w , eSin w, S, $;"","" e~l..U,s2. 
••• (4) 
Consider terms only in the parenthesis in Equation (4) 
Slo"l-W.f1( CoS w, g, ~~ W, S'l. - S;Y\W I Sf Sin w, S'2,.) 
- Sin LV, ec..O"'lW,9 (SI~W, S, G::ts <.u, S2, ~~ W IS, $,r'I'W \ 52 J 
= ~ ( \ - Cos 2w, ft) Cos (~, SI 1" LV, S:l) - ~ St·~2""e S~n (w, SI 
T LV, ~2 J -t Sin w, S, Si'l1 W, ~2 
= 'Cos (w, S, -t~, S:l) -t 2 S,,,.. w, S, Sin W, S:l. 
C.es 2.w, 9- Co-s (W, 's I + lV, ~2) - Sin 2u.>,9Si'{) (w, ~, -to W\~,) 
= C.os (w, S, ~ w, Sl..) - Cos lw, e COOl ('-'.),~, -+ W, ~2.) 
S\V'\ 2w I e g,,~ (w, 5, +t.U, S 2. ) 
Therefore Equation (1) can be rewritten as 
-. 
.. :.... .. 
>. 
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~ 0;2 H COS LW, ~\ - w. S2.) J2. (S" ~:J cl S, dS2 
~ ~ o-o2CDS (2w,Et) SJ c.o> (w, 5, +w, S2 '>J2 ( SI sJd ~.d ~'2. 
. ) 
~ . . 
From the ~efi~ition of 5~ (5) we can rearrange Equation (5) into 
0C' 2]-'( . rR l.-J JZo-;, l. LV,)-WJ -J"Zo;,.J2 (w,)w,)C.OS(2£V1e) 
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Appendix 2 
Consider the flow between a rotating cone and a flat plate, 
as shown in Fig (1). The angle between the solid surfaces ~o is very 
small, usually in the range of one to five degrees. 
1:.. 
Fig (1) Sketch of cone and plate viscometer. 
If inertial forces are neglected and ~dge effects at the edge 
of the cone are ignored, the dynamic equation, in spherical co-ordinates, 
is 
1 0 2 . 0 
- -' (r 1" ).+ -;-6 (1"e"') r or r<j> a 'I' 
••• (1) 
With the above assumptions, the only non-zero velocity component 
is v<j>, and by the symmetry of the flow in the <p-direction, the only 
non-zero components of the rate of deformation tensor are , . 
••• • •• (2) 
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Sine Cl·v~ 
= Ll~e = -r- as (Sine) ••• ••• (3) 
The boundary conditions for this flow are 
v~. = nr Sin (~"lT - If ) at 1jJ = If • •• • •• (4) 0 0 
v~ = 0 at 1jJ = 0 •• • ••• (5) 
v~ = 0 at r = 0 . .. ••• (6) 
These conditions suggest a solution of the form 
v</> = rg(1jJ) 
••• ••• (7) . 
This, subtituted into expression for Ll13 given above leads to 
Cl Lll3 = r { Clr (g (1jJ)}.~ 
= 0 
••• • •• (8) 
to the conclusion that Ll13 = D. Furthermore, the symmetry of the 
flow indicates that the shear stress '13 = '~</> vanishes. 
The dynamic equation now becomes 
dT12 
~ + 2 Cot(e)T12 = 0 
dT12 
! -- = -2 f Cot(e)de 
'12 
InT12 .= -2In (Sine) + In C 
...... " ...... 
". 
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Therefore, ••• ••• (9) 
The constant C is obtained from the condition that the measured 
torque. M arises from the shear stress exerted on the surface of the '_ 
cone. This leads to 
Torque = stress x area x length 
dM = L12 x 2~r Sin(~n·-~o) r Sin (~n - ~o)Jdr 
Therefore, 
•••• ••• (10) 
Substituting equation (9) one deduces 
" 
.' 
••• ••• (11) 
If ~ is very small than L12 in equation (9) is nearly constant, 
and, sin (6)= sin "(~~- ~o) = 1 approximately 
L12 = C ••• ••• (12) 
2 3 
M = ~R L12 ••• ••• (13) 
For ~ less than one degree, the error is less than 0.1%. Since 
L12 is nearly constant across the gap, it follows that L12 is also 
nearly constant. Within these approximations, equation (3) becomes 
", 
_ l dVcp 
-y = Ll12 - r de 
It follows that 
= -y' r f~Tr-'Yo de 
Vcp 0 
r' 
Vcp = -ry(e-~Tr) 
= ry1/J 
••• 
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••• (14) 
••• ( 15) 
From the boundary condition at 1/J = 'Yo , the shear rate may be 
calculated as 
Vcp v 
but J.. = n y =--
r'Yo r 
n (16) y =- •• • ••• 
'Yo 
Herein lies the primary advantage of the cone and plate viscometer, 
for, with good approximation, the shear stress and shear rate are 
constant throughout the sample although this is only completely true 
for a newtonian fluid. 
_ ..... 
" 
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Appendix 3 
The three tables summarisel; the ranges of shear rate and 
strain either for linear or oscillatory shear available on the Weissen-
berg rheogoniometer. The equations used to calculate the ~igures are:-
a) The shear rate (linear): 
where a = angular rotation of the platen (rad/sec); 
a = angle of cone (degree). 
b) The maximum shear rate (oscillatory)*: 
where R = pitch circle radius of the worm wheel, 
(32500 'microns); 
n = frequency (cycles/sec). 
* per micron deflection. 
c) The maximum strain (oscillatory)*: 
'6 = 
* per micron deflection. 
.-.. ~ ..• 
.............. 
' .. 
• .e. 'iilenCrNyn ert ' 
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Appendix 4 
The timing pulses are generated by a light emmitting diode and 
the signal is amplified to a suitable voltage level for the Schmitt 
trigger mechanism; The amplified signals are shaped into a square 
wave by the Schmitt and modified to give 64 pulses in multiple of two 
up to 512 as to correspond with the memory store available on the 
Fourier Analyser. These pulses act as an outside sampling clock for 
the analyser and the purpose of this is to store and record exactly 
one cycle of response and stimulus signals from the Weissenberg in the 
memory store of the Fourier Analyser. The logic.diagram of this 
alteration is shown in Fig ( 2). 
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Paragraph Line Correction 
1 1 7 Rivlin for Revlin 
9 2 7 the for its 
9 2 10 insert 'the' after 'known as' 
14 2 3 insert 'law' after 'simple additive' 
14 2 4 insert 'a' after 'dynamic effects' 
24 1 . 1 concentration for contraction 
27 ; 1 3 constraints for constrains 
56 1 2 function for funtion 
65 1 2 whilst for which 
79 1 8 insert 'range' after'concentration' 
89 2 8 potential for ptential 
105 2 7 indicates for inidicates 
120 2 1 excercise for excise 
128 3 1 yield for yieald 
133 1 1 decreasing for increasing 
133 2 7 insert 'result' after 'This would' 
180 3 8 9issipated for disspiated 

